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SUMMARY 

l h r e e  s e m i - e m p i r i c a l  aerodynamic s t a l l  models a r e  compared w i t h  r e s p e c t  
t o  t h e i r  l i f t  and moment h y s t e r e s i s  loop p r e d i c a t i o n ,  l i m i t  c y c l e  b e h a v i o r  

r e q u i r e d  f o r  s t a l l  f l u t t e r  p r e d l c t i o n  o f  advanced tu rboprops .  

model and a p l a t e  s t r u c t u r a l  model are cons ide red .  The response a n a l y s i s  
i n c l u d e s  b o t h  p l u n g i n g  and p i t c h i n g  mot ions o f  t h e  b lades .  

cu p r e d i c t i o n ,  easy imp lemen ta t i on ,  and f e a s i b i l i t y  i n  d e v e l o p i n g  t h e  parameters 
For  t h e  compar- d m 

m 
w 

I i s o n  o f  a e r o e l a s t i c  response p r e d i c t i o n  i n c l u d i n g  s t a l l ,  a t y p i c a l  s e c t i o n  

I n  model A, a c o r r e c t i o n  t o  t h e  ang le  o f  a t t a c k  i s  a p p l i e d  when t h e  a n g l e  
o f  a t t a c k  exceeds t h e  s t a t i c  s t a l l  angle.  I n  model 8, a s y n t h e s i s  p rocedure  
i s  used f o r  angles o f  a t t a c k  above s t a t i c  s t a l l  angles and t h e  t i m e  h i s t o r y  
e f f e c t s  a r e  accounted th rough  t h e  Wagner f u n c t i o n .  I n  b o t h  models t h e  l i f t  
and moment c o e f f i c i e n t s  f o r  angles o f  a t t a c k  be low s t a l l  a r e  o b t a i n e d  f r o m  
t a b u l a r  d a t a  f o r  a g i v e n  Mach number and a n g l e  o f  a t t a c k .  I n  model C,  r e f e r r e d  
t o  as t h e  ONERA model, t h e  l i f t  and moment c o e f f i c i e n t s  a r e  g i v e n  i n  t h e  fo rm 
o f  two d i f f e r e n t i a l  equa t ions ,  one for angles below s t a l l  and t h e  o t h e r  f o r  
ang les  above s t a l l .  
o f  t h e  a n g l e  o f  a t t a c k .  The e f f e c t s  o f  v o r t e x  shedding, an i m p o r t a n t  f e a t u r e  
o f  dynamic s t a l l ,  a r e  n o t  cons ide red  i n  model A, a c c u r a t e l y  cons ide red  i n  model 
8, and a p p r o x i m a t e l y  cons ide red  i n  model C .  However, i t  i s  ob iserved t h a t  t h e  
h i g h  f requency,  l ow  amp l i t ude  o s c i l l a t i o n s ,  sweep, and h i g h  subsonic Mach num- 
b e r  o p e r a t i n g  environment o f  advanced tu rboprops  f a v o r  l i g h t  s t a l l  c o n d i t i o n s  
where t h e  e f f e c t  of  vo r tex -shedd ing  i s  l e s s  severe.  T h i s  p e r m i t s  t h e  use o f  
s i m p l e  models l i k e  models A and C i n  t h e  s t a l l  f l u t t e r  a n a l y s i s  o f  advanced 
t u r b o p r o p s .  

l h e  parameters o f  these equa t ions  a r e  n o n l i n e a r  f u n c t i o n s  

I N l R O O U C T I O N  

H i g h l y - l o a d e d  p r o p e l l e r s ,  c a l l e d  advanced tu rboprops ,  a r e  proposed t o  
power t r a n s p o r t  a i r c r a f t  a t  h i g h  subsonic speeds. l h e  renewed i n t e r e s t  i n  t h e  
p r o p e l l e r  i s  b rough t  about by t h e  s i g n i f i c a n t  b e n e f i t s  i n  f u e l  consumption. 
F l u t t e r  a n a l y s i s  o f  these tu rboprops  i s  needed t o  de te rm ine  t h e  c r i t i c a l  
( f l u t t e r )  speed below which t h e  a i r c r a f t  has t o  o p e r a t e  t o  a v o i d  c a t a s t r o p h i c  
f a i l u r e .  
and f a t i g u e  l i f e  of  a tu rboprop .  F igu re  1 shows a t y p i c a l  advanced tu rboprop  

A response a n a l y s i s  i s  needed t o  de te rm ine  t h e  l oads  on t h e  b lades 
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wind t u n n e l  model. The b l a d e  i s  made t h i n  t o  i n c r e a s e  t h e  d r a g  d i v e r g e n c e  
Mach number, and i s  swept t o  reduce t h e  l o c a l  e f f e c t i v e  Mach number. l h e  sweep 
i n t r o d u c e s  a l a r g e  degree o f  c o u p l i n g  between bend ing  and t o r s i o n ,  wh ich  a l t e r s  
t h e  a e r o e l a s t i c  behav io r .  I n  a d d i t i o n ,  t o  h o l d  p r o p e l l e r  d iamete r  t o  a r e a -  
sonable va lue ,  and t o  have h i g h  d i s k  l o a d i n g ,  a l a r g e  number o f  b lades  a r e  
p r o v i d e d  f o r  t h e  advanced t u r b o p r o p .  Consequent ly t h e  t u r b o p r o p  has t o  be 
ana lyzed accoun t ing  f o r  aerodynamic i n t e r a c t i o n  between t h e  b lades .  The ae ro -  
e l a s t i c  response and f l u t t e r  a n a l y s i s  of  advanced tu rboprops  i s  an ongo ing  
research  e f f o r t  a t  NASA Lewis Research Center .  

Under normal c o n d i t i o n s  ( r e f .  1 ) ,  t h e  b l a d e  s e c t i o n s  o f  a c o n v e n t i o n a l  
p r o p e l l e r  a r e  a t  low ang les  o f  a t t a c k ,  t h e  f l u t t e r  speed i s  h i g h ,  and g e n e r a l l y  
t h e r e  i s  an a p p r e c i a b l e  marg in  o f  s a f e t y  between t h e  o p e r a t i n g  speed and t h e  
f l u t t e r  speed. However, d u r i n g  t h e  t a k e - o f f  p e r i o d ,  t h e  p r o p e l l e r  b l a d e  sec 
t i o n s  may opera te  a t  h i g h  ang les  o f  a t t a c k  and c o u l d  be s u b j e c t e d  t o  s t a l l  
f l u t t e r ,  a s e l f  sus ta ined  v i b r a t i o n  i n  a p e r i o d i c a l l y  separa ted  f l o w  c o n d i t i o n .  
l h e  f l u t t e r  speed a t  t h i s  c o n d i t i o n  ' I S  ve ry  low, and s t a l l  f l u t t e r  a f f e c t s  t h e  
f a t i g u e  l i f e  o f  the t u r b o p r o p .  Hence, p r e d i c t i n g  t h i s  s t a l l  f l u t t e r  speed i s  
a c r i t i c a l  des ign  task ,  and an a p p r o p r i a t e  method o f  a n a l y s i s  o f  s t a l l  f l u t t e r  
i s  a c r i t i c a l  research  need. P r e d i c t i o n  o f  f l u t t e r  speeds a t  low ang les  o f  
a t t a c k  ( c l a s s i c a l  f l u t t e r )  f o r  advanced tu rboprops  has been per fo rmed by mod i -  
f y i n g  t h e  e x i s t i n g  a n a l y s i s  methods as d e s c r i b e d  i n  r e f e r e n c e  2.  Bo th  ana 
l y t i c a l  and exper imenta l  r e s u l t s  a r e  p resen ted  i n  r e f e r e n c e  3.  Recen t l y ,  
a d d i t i o n a l  exper imen ta l  f l u t t e r  da ta  was p resen ted  i n  r e f e r e n c e  4 .  I h e  a n a l y  
ses i n c l u d e d  t h e  e f f e c t  o f  number o f  b lades  (cascddes) and the  b l a d e  sweep. 
However, t h e  s tud ies  on s t a l l  f l u t t e r  a r e  few and m o s t l y  e m p i r i c a l .  l h i s  i s  
due t o  t h e  comp lex i t y  i n  mode l i ng  t h e  f l o w  i n  a p e r i o d i c a l l y  separa ted  f l o w  
s t a t e .  

l h e  o b j e c t i v e  o f  t h e  p r e s e n t  e f f o r t  i s  t o  deve lop  s t a l l  f l u t t e r  models 
f o r  advanced tu rboprops .  A s  a p a r t  o f  t h i s  genera l  e f f o r t ,  t h e  a v a i l a b l e  
dynamic s t a l l  models a r e  rev iewed and a p p l i e d  t o  s imp le  s t r u c t u r a l  models t o  
s tudy  t h e  e x t e n t  o f  t h e i r  v a l i d i t y ,  and t o  s e l e c t  an a p p r o p r i a t e  model f o r  
advanced tu rboprop  a p p l i c a t i o n .  In t h i s  r e p o r t ,  t h r e e  dynamic s t a l l  models 
a r e  used toge the r  w i t h  t y p i c a l  s e c t i o n  and p l a t e  5 t r u c t u r a l  models.  T h e i r  
perforniance i s  i n v e s t i g a t e d  f r o m  the  v i c w  p o i r i t  o f  l i f t  drid niomerit h y s t e r e r i s  
loop  p r e d i c t i o n ,  l i m i t  c y c l e  p r e d i c t i o n ,  easy imp lemen ta t i on  and the  f e a s i b i l  
i t y  o f  deve lop ing  the  co r respond ing  s t a l l  models f o r  a r b i t r a r y  a i r f o i l s .  l h e  
p l a t e  model i n  cun.jurict ion w i t h  i t s  norrndl modes i s  cons ide red  i n  order  t o  
e x p l o r e  whether the a n a l y t i c a l  i n t e y r a t i o n  o f  t h e  l oads  i n  t h e  b l a d e  spanwise 
d i r e c t i o n  i s  f e a s i b l e .  l h e  nurner ical  s tudy  i s  per fo rmed f o r  a s i n g l e  b l a d e  
and cdscade e f f e c t s  a r e  r iot  i n c l u d e d .  

NOMt.NCI..A I U l t t  

A 

a 

ah 

nondirnensional r a t e  o f  a n g l e  o f  a t t a c k ,  cdr/2V 

e n i p i r i c a l  parameter,  equa t ions  ( 2 0 b ) .  and (%Oe) 

d i s t a n c e  between midchord  and e l a s t i c  a x i s ,  measured i n  semi- 
chords p o s i t i v e  towards t h e  t r a i l i n g  edge. 

s t a t i c  l i f t  cu rve  s l o p e  
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aom 

b 

CL1 

Cl-2 

I-Q 

C C S  

CLU 

CM1 

CM2 

CMQ 

cMS 

cMU 

CN 

C 

Kh 

K1 

k 

Q 

M 

s t a t i c  p i t c h i n g  moment c u r v e  s l o p e  a t  ze ro  a n g l e  o f  a t t a c k  

semi-chord,  m 

l i f t  c o e f f i c i e n t  i n  l i n e a r  range, e q u a t i o n  (20a)  

l i f t  c o e f f i c i e n t  i n  nonl ’ lnear range, e q u a t i o n  (20b )  

l i f t  c o e f f i c i e n t  g iver)  by l i n e a r  r e l a t i o n ,  e q u a t i o n  (20a)  

s t a t i c  l i f t  c o e f f i c i e n t  

unsteady C Q ,  e q u a t i o n  (18a )  

moment c o e f f i c i e n t  i n  l i n e a r  range, e q u a t i o n  (20d)  

moment c o e f f i c i e n t  i n  n o n l i n e a r  range, e q u a t i o n  (20e) 

moment c o e f f i c i e n t  g iven by l i n e a r  r e l a t i o n ,  e q u a t i o n  (20d )  

s t a t i c  moment c o e f f i c i e n t  

unsteady Cm, e q u a t i o n  (19a)  

normal f o r c e  c o e f f i c i e n t  

chord l e n g t h ,  m 

aerodynamic l i f t  f o r c e  c o e f f i c i e n t  

aerodynamic moment c o e f f i c i e n t  about  q u a r t e r  cho rd  

aerodynamic moment c o d  f i c i e n t  about  e l a s t i c  a x i s  

e m p i r i c a l  parameter,  e q u a t i o n  (19a)  

p l u n g i n g  degree o f  mot ion,  p o s i t i v e  downwards 

p o l a r  moment o f  i n e r t i a  o f  a i r f o i l  mass about  e l a 5 t i c  a x i s  

t o r s i o n a l  s t i f f n e s s  coef f i c i e r i t  co r respond ing  t o  p i t c h i n g  
d isp lacement  

bending s t i f f n e s s  c o e f f i c i e n t  co r respond ing  t o  p l u n g i n g  
d isp lacement  

unsteady aerodynamic e m p i r i c a l  f a c t o r ,  e q u a t i o n  ( 3 )  

reduced frequency, based on semi- chord 

l e n g t h  o f  t h e  p l a t e ,  rn 

Mach number, normal t o  l e a d i n g  edge 

111 mass o f  t he  a i r f o i  1 p e r  u n i t  span 



N number o f  b l a d e  segments 

NM number o f  normal modes 

p1 ,p2,p3 e m p i r i c a l  parameters f o r  CLU, e q u a t i o n  (18b )  

Q, t o t a l  aerodynamic moment about  e l a s t i c  a x i s ,  p o s i t i v e  nose up 

Qh t o t a l  aerodynamic l i f t i n g  f o r c e ,  pos 

Q l , Q 2 ,  . . .Q7 e m p i r i c a l  parameters f o r  CLU, equat  

Re Reynold 's number 

I" a & r i b 2 ,  r a d i u s  o f  g y r a t i o n  about  e 

r e m p i r i c a l  parameter,  e q u a t i o n  ( 2 0 b ) ;  

S 

sm 

sm t 

S,T 

t 

t 

t /c 

tdm 

U *  

V 

v, 

x a  

a 

- 
a 

Dm a 

a 
W 

a l r f o i l  s t a t i c  moment about  e l a s t i c  a x i s  

t i v e  downwards 

ons (18d)  

a s t i c  a x i s  i n  semi -cho rds  

r a d i a l  d i s t a n c e  on t h e  b l a d e  

nondimensional  t ime  measured f r o m  i n s t a n t  o f  s t a l l  onset  

p r e d i c t e d  v a l u e  o f  Sm when v o r t e x  l eaves  t r a i l i n g  edge, 
equa t ion  (16 )  

reduced t i m e ,  Vt /b ;  a l s o  e m p i r i c a l  parameter ,  e q u a t i o n  (20a )  

th i ckness  o f  t h e  a i r f o i l ;  t i m e  

ut, nondimensional  t i m e  parameter 

a ' l r f o i l  t h i c k n e s s  t o  cho rd  r a t i o  

t i m e  when dynamic s t a l l  f i r s t  occurs 

nondimensional  f l i g h t  speed parameter 

r e s u l t a n t  v e l o c i t y  = 4 2 r - 2  t v i ,  m/sec 
- -  

f r e e  s t ream v e l o c i t y ,  m/sec 

S/mb, d i s t a n c e  between t h e  e l a s t i c  a x i s  and t h e  mass c e n t e r  
measured i n  semi-chord,  p o s i t i v e  towards the t r a i l i n g  edge 

instantaneous a n g l e  o f  a t t a c k ;  p i t c h i n g  degree o f  mo t ion ,  
p o s i t i v e  nose up 

ampl i tude o f  o s c i l l a t i o n ,  deg 

dynamic moment s t a l l  ang le ,  e q u a t i o n  ( 1 5 ) ,  deg 

e f f e c t i v e  a n g l e  o f  a t t a c k ,  deg, e q u a t i o n  ( 1 )  

decay parameter,  e q u a t i o n  ( 3 )  

4 



a n g l e  o f  dynamic reat tachment ,  e q u a t i o n  ( 1 7 ) ,  deg 

a n g l e  o f  a t t a c k  when v o r t e x  near  t r a i l i n g  edge 

mean o r  i n i t i a l  angle o f  a t t a c k ,  deg 

s t a t i c  s t a l l  ang le ,  deg 

Prandt  1 - G l a u e r t  number 

e m p i r i c a l  c o n s t a n t ,  e q u a t i o n  ( l e e )  n o r m a l l y  equals  0.18 

s t a l l  d e l a y  f u n c t i o n ,  e q u a t i o n  ( 2 )  

f u n c t i o n s  d e f i n e d  i n  e q u a t i o n s  ( 4 )  and ( 5 )  

s h i f t  i n  ang le ,  equat ion ( l e b ) ,  deg 

s h i f t  i n  angle,  equa t ion  ( 1 8 c ) ,  deg 

inc remen ta l  dynamic s t a l l  ang le ,  e q u a t i o n  ( 1 )  

d i f f e r e n c e  between s t a t i c  l i f t  and extended l i n e a r  l i f t  

i nc remen ta l  l i f t  c o e f f i c i e n t s ,  equa t ions  (18d )  and (18e) 

d i f f e r e n c e  between s t a t i c  moment and extended l i n e a r  moment 

i nc remen ta l  moment c o e f f i c i e n t ,  e q u a t i o n  (19b )  

dynamlc parameters,  e q u a t i o n  (189 )  

e m p i r i c a l  parameters, equa t ions  (16 )  t o  ( 1 8 )  

e m p i r i c a l  parameters f o r  C e q u a t i o n  ( 1 9 b )  

e m p i r i c a l  parameter,  e q u a t i o n  (2Oa) 

m/npb2 a i r f o i l - a i r  mass r a t i o  

nondimensional  p lung ing  d i sp lacemen t  

f r e e  s t ream a i r  d e n s i t y  

damping parameter i n  p l u n g i n g  mo t ion  

damping parameter i n  p i t c h i n g  mo t ion  

e m p i r i c a l  parameter,  e q u a t i o n  (20a)  

Wagner f u n c t i o n ,  equat ion ( 1 4 )  

r o t a t i o n  speed, rad/sec 

MU ' 

5 



w f requency o f  harmonic o s c i l l a t i o n ,  rad/sec 

fla/la) uncoupled p i t c h i n g  f requency  o f  a i r f o i l ,  rad /sec  

$ K h / m )  uncoupled p l u n g i n g  f requency  o f  a i r f o i l ,  rad/sec 

s ign  o f  ( ) :  e i t h e r  p o s i t i v e  o r  n e g a t i v e  

_ _  ._ 

a( ) / a t  

a( ) / a €  

a() /aT o r  a ( ) / a s  

d iagona l  m a t r i x  

rnd t r i x  

S t a l l ,  Dynamic S t a l l  arid S t a l l  F l u t t e r  

A s  t h e  ang le  o f  a t t a c k  o f  an  a i r f o i l  i n c r e a s e s ,  t h e  l i f t  c o e f f i c i e n t  
s t a r t s  i n c r e a s i n q .  A f t e r  a c e r t a i n  v a l u e  o f  t h e  a n g l e  of a t t a c k  i s  reached, 
however, t h e  l i f t  drops suddenly becduse t h e  f l o w  over  t h e  a i r f o i l  sepdra tes .  
l h i s  i s  t h e  c o n d i t i o n  o f  s t a l l .  l h i s  s e p a r a t i o n  process  depends on t h e  a i r  
f o i l  shape ( l e a d i n g  edge r a d i u s ) ,  t h i c k n e s s ,  Reyno ld ' s  number, maximum t h i c k -  
ness p o s i t i o n ,  and Mach number. I t  has been recogn ized  ( r e f s .  5 and 6 )  t h a t  
t h e r e  a r e  t h r e e  p r i n c i p a l  t ypes  o f  s t d l l :  ( I )  t r a i l i n g  edge s t a l l ,  where 
t h e r e  i s  a g radua l  l o s s  o f  l i f t  a t  h i g h  l i f t  c o e f f i c i e n t  as t h e  boundary l a y e r  
s e p a r a t i o n  progresses g r a d u a l l y  f o rward  f r o m  t h e  t r a i l i n g  edge, ( 2 )  l e a d i n g  
edge s t a l l ,  where t h e r e  i s  an a b r u p t  l o s s  o f  l i f t ,  as t h e  a n g l e  o f  a t t a c k  f o r  
maximum l i f t  i s  exceeded, w i t h  l i t t l e  o r  no r o u n d i n g  ove r  o f  t h e  l i f t  cu rves ;  
and i s  a s s o c i a t e d  w i t h  t h e  b u r s t i n q  o f  a laminar  l e a d i n g  edge s e p a r a t i o n  bub 
b l e ,  and ( 3 )  t h i n  a i r f o i l  s t a l l ,  where t h e r e  i s  a g r a d u d l  l o s s  o f  l i f t  even a t  
low l i f t  c o c f f  i c i c n t s ,  and deve lops  when a s e p a r a t i o n  bubb le  o r i q i n a t e s  near  
the  l e a d i n g  cdqe nrid l eny thcns  p r o q r e s s i v c l y  as t h e  a n g l e  o i  a t t a c k  iricrc.:ire,. 
l h e  b c h a v i o r  o f  the l i f t  c o e f l  i c i e r r t  i n  edch t ype  o f  s t d t i c  s t a l l  i s  shown i n  
f i g u r e  7 .  I t  has a l s o  been found t h a t  t r d i l i r i g  edge s t a l l  occu rs  f o r  a i r f o i l s  
h a v i n g  th icknes ,  t o  cho rd  r a t i o  t / c  y r e a t e r  t h a n  0.15, l e a d i n g  edge s t a l l  
occurs  f o r  a i r f o i l s  h a v i n g  t / c  o f  0.09 t o  0.15, and t h i n  a i r f o i l  s t a l l  f o r  
a i r f o i l s  h a v i n g  t / c  l e s s  than 0.09. 

I h e  te rm dyridrnic s t a l l  r e f e r s  t o  thc  unsteady  s e p a r a t i o n  arid t h e  \ t a l l  
pherionicrid o f  dri a i r f o i l  o s c i i l a t i r i g  i n t o  and o u t  u f  s t a l l .  F i g u r e  3 ( f r o m  
r e f .  1 ) .  shows the f l o w  f i e l d  s t r u c t u r e ,  as w e l l  as the  riormal f o r c e  and p i t c h  
i n g  moment c h a r a c t c r i 5 t i c s  th roughou t  30 o s c i l l a t i o n  c y c l e  o f  an a i r f o i l  d u r i n g  
dynamic s t a l l  f o r  dn N A C A  0012 a i r f o i l .  I he  predominant  f e a t u r e  o f  dynamic 
s t a l l  ( r e f .  7 ) ,  i s  t h e  shedding o f  a s t r o n g  v o r t e x  l i k e  d i s t u r b a n c e  f rom t h e  
l c d d i n g  edge reg ion ,  wh ich  a l t e r s  the  cho rd  w i s e  p r e s s u r e  d i s t r i b u t i o n .  l h i s  
v o r t e x  moves down s t ream over the  upper s u r f a c e  of  t h e  a i r f o i l  a t  about  35 t o  
40 p e r c e n t  o f  f r e c  s t ream v e l o c i t y .  l h e  uns teady  aerodynamic f o r c e s  due t o  
t h e  passdge o f  t h i s  v o r t i c i t y  p roduce a l i f t  and nose down moment, w i t h  va lues  
much g r e a t e r  than the co r respond ing  s t a t i c  s t a l l  l oads .  l h e  magn i tude o f  t he  
i n c r e a s e  depends on the  s t r e n g t h  o f  t he  v o r t e x  and i t s  d i s t a n c e  f r o m  t h e  su r  
f a c e .  lht  fo rn ia t ion  and nioveincrit o f  t h e  v o r t e x  depends on t h e  d i r f o i l  shape, 

6 



a n g l e  o f  a t t a c k  and t h e  r a t e  o f  angle o f  a t t a c k .  The d i s t a n c e  o f  t h e  v o r t e x  
f r o m  t h e  a i r f o i l  depends on t h e  r a t e  o f  a n g l e  o f  a t t a c k  and t h e  i ns tan taneous  
a n g l e  o f  a t t a c k .  As  t h e  v o r t e x  leaves t h e  t r a i l i n g  edge, a peak n e g a t i v e  
p i t c h i n g  moment i s  ob ta ined .  The a i r f o i l  t hen  remains s t a l l e d  u n t i l  t h e  a n g l e  
o f  a t t a c k  drops s u f f i c i e n t l y  f o r  reat tachment  o f  t h e  f l o w  t o  occu r .  

I t  can a l s o  be seen t h a t  a i r f o i l s  d u r i n g  dynamic s t a l l  e x h i b i t  l a r g e  hys 
t e r e s i s  loops i n  b o t h  l i f t  and p i t c h i n g  moment curves when viewed as a func -  
t i o n  o f  a n g l e  o f  a t t a c k .  T h i s  means t h a t  an a i r f o i l  w i t h  p o s i t i v e  CL s t a l l s  
a t  an a n g l e  a g r e a t e r  t han  t h e  s e c t i o n  s t a t i c  s t a l l  a n g l e ,  ass, known as 
s t a l l  d e l a y ,  w h i l e  t h e  s t a l l  recovery d u r i n g  n e g a t i v e  dL occurs  a t  an a n g l e  
l e s s  t h a n  ass. I t  can a l s o  be observed t h a t  t h e  p i t c h i n g  moment c o e f f i c i e c t  
shows loops  r e p r e s e n t i n g  c o n t r i b u t i o n s  t o  n e g a t i v e  damping ( c l o c k - w i s e  l o o p s )  
and p o s i t i v e  damping ( c o u n t e r  c l o c k - w i s e  l o o p s ) ,  and a n e t  n e g a t i v e  damping 
may l e a d  t o  d i v e r g e n t  o s c i l l a t i o n s .  I t  i s  t o  be no ted  t h a t  f o r  o s c i l l a t i o n s  
t h a t  occu r  w h o l l y  below o r  w h o l l y  w i t h i n  s t a l l ,  t h e r e  i s  a lways p o s i t i v e  damp- 
i n g .  Only f o r  o s c i l l a t i o n s  about  a mean a n g l e  o f  a t t a c k  near  s t a t i c  s t a l l  can 
t h e  n e t  p i t c h  damping become nega t i ve .  

I n  summary, dynamic s t a l l  begins a t  an ang le  o f  a t t a c k  g r e a t e r  t han  t h e  
s t a t i c  s t a l l  ang le ,  f o l l o w e d  by the shedding o f  v o r t i c i t y  f r o m  t h e  l e a d i n g  and 
t r a i l i n g  edges. As  t h e  a i r f o i l  o s c i l l a t e s  i n  and o u t  o f  s t a l l ,  t h e  dynamic 
f o r c e s  and moments show h y s t e r e s i s  and can a t t a i n  va lues t h a t  a r e  f a r  g r e a t e r  
t han  t h e i r  s t a t i c  c o u n t e r p a r t s .  l h e  dynamic s t a l l  phenomenon and i t s  e f f e c t s  
v a r y  depending on t h e  a i r f o i l  shape, reduced f requency,  mean a n g l e  and a m p l i -  
t ude  o f  o s c i l l a t i o n ,  Mach number, Reynold 's number, t y p e  o f  a i r f o i l  mo t ion ,  
sweep, and t h r e e - d i m e n s i o n a l  f l o w  e f f e c t s .  

An i m p o r t a n t  d i f f e r e n c e  between s t a l l  f l u t t e r  and c l a s s i c a l  f l u t t e r  i s  i n  
t h e  c h a r a c t e r  o f  f l o w .  S t a l l  f l u t t e r  occurs w i t h  p a r t i a l  ( l i g h t  dynamic s t a l l )  
o r  complete (deep dynamic s t a l l )  breakaway o f  t h e  f l o w  f r o m  t h e  a i r f o i l  d u r i n g  
a t  l e a s t  p a r t  o f  every c y c l e  o f  o s c i l l a t i o n .  l h i s  i s  i n  c o n t r a s t  t o  c l a s s i c a l  
f l u t t e r ,  where t h e  f l o w  i s  a t t a c h e d  t o  a i r f o i l  a t  d l 1  t imes .  l h e  e s s e n t i a l  
f e a t u r e  o f  s t a l l  f l u t t e r  i s  t h e  n o n l i n e a r  aerodynamic r e a c t i o n  t o  t h e  m o t i o n  
o f  t he  a i r f o i l .  l h i s  n o n l i n e a r  nature ~ l l o w s ,  i n  p r i n c i p l e ,  t he  p r e d i c t i o n  o f  
t h e  f i n a l  e q u i l i b r i u m  a m p l i t u d e  o f  v i b r a t i o n  ( a  l i m i t  c y c l e ) .  l h i s  i s  d i f f e r -  
e n t  f r o m  c l a s s i c a l  f l u t t e r  where only  t h e  s t a b i l i t y  boundary i s  u s u a l l y  d e t e r -  
mined. I n  s h o r t ,  s t a l l  f l u t t e r  r e f e r s  t o  a s e l f - e x c i t e d  and s e l f - s u s t a i n e d  
v i b r a t i o n  i n  a p e r i o d i c a l l y  separated f l o w  c o n d i t i o n .  S t a l l  f l u t t e r  a l s o  
d i f f e r s  f rom c l a s s i c a l  f l u t t e r  i n  tha t  t he  t o r s i o n a l  and bending f r e q u e n c i e s  
a r e  n o t  n e c e s s a r i l y  c l o s e  t o g e t h e r  even though b o t h  modes c o n t r i b u t e  t o  t h e  
s t a l l  f l u t t e r .  

I t  has a l s o  been observed i n  s t a l l  f l u t t e r  ( r e f .  8)  t h a t  (1)  t h e r e  i s  a 
sharp d rop  i n  c r i t i c a l  f l u t t e r  speed, ( 2 )  t h e  f l u t t e r  f requency r i s e s  towards 
t h e  t o r s i o n a l  f requency,  ( 3 )  t h e  mot ion i s  p redominan t l y  t o r s i o n  ( s i n g l e  degree 
o f  f reedom f l u t t e r ) ,  and ( 4 )  t h e  s t a l l  f l u t t e r  speed reaches a minimum and 
r i s e s  u n t i l  t h e  f l o w  i s  c o m p l e t e l y  s t a l l e d .  

D Y N A M I C  STALL MODE.LING 

l h e  c o m p l e x i t y  i n  mode l ing  s t a l l i n g  i s  due t o  t h e  f o l l o w i n g  reasons: 
( 1 )  f l o w  separat-ion and t u r b u l e n c e  e f f e c t s  d u r i n g  p a r t  o f  t h e  c y c l e  o f  o s c i l -  
l a t i o n ;  ( 2 )  a new v a r i a b l e ,  t h e  mean a n g l e  of  a t t a c k  ao, i s  i n t r o d u c e d  i n t o  



t h e  d e t e r m i n a t i o n  o f  aerodynamic d e r i v a t i v e s  and a u t o m a t i c a l l y  r e q u i r e s  con- 
s i d e r a t i o n  o f  t h e  e f f e c t s  o f  Reyno ld ' s  number and a i r f o i l  shape; ( 3 )  t h e  ae ro -  
dynamic d e r i v a t i v e s  can no l o n g e r  be s i m p l y  superimposed ( a s  i n  c l a s s i c a l  
f l u t t e r )  i . e . ,  the aerodynamic r e s u l t s  o f  a p i t c h i n g  m o t i o n  cannot  be separated 
f r o m  those  o f  a s imultaneous t r a n s l a t o r y  mo t ion ;  and ( 4 )  r a t e  o f  a n g l e  o f  
a t t a c k  e f f e c t s  must be i n c l u d e d  i n  t h e  a n a l y s i s .  

E a r l i e r  work on unsteady s t a l l e d  f l o w  has been e i t h e r  w h o l l y  e x p e r i m e n t a l  
o r  c o n s i s t e d  o f  e m p i r i c a l  and s e m i - e m p i r i c a l  m o d i f i c a t i o n s  t o  c l a s s i c a l  
f l u t t e r  t h e o r y .  These e a r l i e r  s t u d i e s  have been based on t h e  h y p o t h e s i s  t h a t  
t h e  decrease i n  f l u t t e r  speed may be due t o  a decrease i n  aerodynamic t o r s i o n a l  
damping. Halfman, e t  a l . ,  ( r e f .  8)  rev iewed these  methods and p resen ted  exper-  
i m e n t a l  d a t a  f o r  l i f t  and p i t c h i n g  moment i n  p u r e  p i t c h ,  and i n  p u r e  p lunge .  
S i s t o  ( r e f .  9 )  presented a n o n l i n e a r  mechanics approach t o  t h e  p rob lem o f  s t a l l  
f l u t t e r ,  and v e r i f i e d  h i s  p r e d i c t i o n s  w i t h  exper iments  f o r  b o t h  i s o l a t e d  and 
cascade o f  b lades .  S c h n i t t g e r  ( r e f .  l o ) ,  used d a t a  o f  Halfman e t  a l .  t o  i n v e s -  
t i g a t e  s t a l l  f l u t t e r  i n  compressors and found t h a t  cascade e f f e c t s  have a sup- 
p r e s s i n g  e f f e c t  on s t a l l .  Amer and La Forge ( r e f .  1 1 )  deve loped a p rocedure  
f o r  c a l c u l a t i n g  b lade bend ing  moments, t o r s i o n  moments, n e g a t i v e  aerodynamic 
damping, and t h e  l i f t  h y s t e r e s i s  d u r i n g  s t a l l  u s i n g  Halfman, e t  a l .  e x p e r i -  
menta l  d a t a .  Baker ( r e f .  1) conducted exper iments t o  measure t h e  s t a l l  f l u t -  
t e r  speeds o f  t h i n  wings r e p r e s e n t a t i v e  o f  p r o p e l l e r  b l a d e s .  Rainey ( r e f .  12 )  
measured aerodynamic damping t o  i n v e s t i g a t e  s t a l l  f l u t t e r .  Ham ( r e f .  13)  con- 
ducted exper iments t o  i n v e s t i g a t e  s t a l l  f l u t t e r  o f  h e l i c o p t e r  b lades .  C a r t a  
( r e f .  14)  used an energy p r i n c i p l e  t o  c a l c u l a t e  aerodynamic damping, and used 
Halfman e t  a l .  data a t  h i g h  a n g l e  o f  i n c i d e n c e  f o r  t u r b o j e t  engines.  

Recent research on dynamic s t a l l  f o l l o w e d  two approaches, one t h e o r e t i c a l  
( r e f s .  15 t o  3 2 ) ,  and t h e  o t h e r  based on e x p e r i m e n t a l  d a t a ,  r e f e r e n c e s  33 t o  
41. These research e f f o r t s  on dynarnic s t a l l  a r e  summarized i n  r e f e r e n c e s  42 
t o  4 7 .  The f l o w  elements t o  be i n c l u d e d  i n  dynamic s t a l l  mode l i ng  a r e  d i s -  
cussed i n  re fe rence  48. Reference 47 t a b u l a t e d  t h e  dynamic s t a l l  p r e d i c t i o n  
methods a c c o r d i n g  t o  the techn ique  used i n  t h e  f o r m u l a t i o n ,  and r o u g h l y  graded 
m o s t  o f  t h e  models a c c o r d i n g  t o  t h e  s a l i e n t  f e a t u r e s  o f  each model. An updated 
v e r s i o n  o f  t h e  t a b l e  i s  p resen ted  i n  t a b l e  I ,  f r o m  which t h e  s t r e n g t h s  arid 
weaknesses o f  t h e  models can be seen more  r e a d i l y .  

l h e  t h e o r e t i c a l  approaches a r e  t h e  N a v i e r  Stokes methods, t h e  d i s c r e t e  
v o r t e x  methods, and coupled v i scous  i n v i s c i d  methods ( z o n a l  methods).  N a v i e r -  
Stokes methods ( r e f s .  15 t o  11) a t t e m p t  t o  s o l v e  t h e  r e l e v a n t  equa t ions  i n  
t h e i r  funddrnental f o r m  by numer i ca l  t echn iques .  l h e  d i s c r e t e  v o r t e x  approach 
( r e f s .  18 t o  2 4 )  n o r m a l l y  i g n o r e s  the v i scous  terms i n  t h e  b a s i c  equa t ions  and 
assumes p o t e n t i a l  f l o w  w i t h o u t  t he  boundary l a y e r .  The v i scous  n a t u r e  of  t h e  
f l o w  i s  modeled or  taken i n t o  account ,  by t h e  g e n e r a t i o n  and subsequent induced 
t r a n s p o r t  o f  d i s c r e t e  combined v o r t i c e s .  l h e  manner and l o c a t i o n  o f  t h e i r  
g e n e r a t i o n  i s  no rma l l y  o b t a i n e d  e m p i r i c a l l y  o r  v i a  a p p r o p r i a t e  boundary l a y e r  
c a l c u l a t i o n s .  I n  t h e  zonal  methods ( r e f s .  24  t o  32)  t h e  v a r i o u s  r e g i o n s  o f  
f l o w ,  v i scous ,  nonviscous, and t r a n s i t i o n  r e g i o n s ,  a r e  modeled s e p a r a t e l y .  I n  
the  numer i ca l  implementat ion o f  t h e  model, t h e  r e g i o n s  i n t e r a c t  i n  an i t e r a t i v e  
manner. l h e s e  t h e o r e t i c a l  models r e q u i r e  a l o t  o f  computer t i m e  and a r e  l i m -  
i t e d  by the asrumptioris and r e s t r i c t i o n s  o f  t h e  f o r m u l a t i o n .  So t hey  a r e  n o t  
s u i t a b l e  i n  a r o u t i n e  a e r o e l a s t i c  a n a l y s i s .  

S e m i - e m p i r i c a l  methods ( r e f s .  33 t o  41) based on exper iments  a t t e m p t  t o  
s i m u l a t e  t h e  gross f e a t u r e s  o f  s t a l l .  l h e y  have gained much i n t e r e s t  f o r  t h e  
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f o l l o w i n g  reasons: 
t i o n .  T h i s  i s  advantageous because s t a t i c  d a t a  can be e a s i l y  generated and 
a u t o m a t i c a l l y  i n c l u d e s  t h e  e f f e c t s  o f  Reyno ld ' s  number, Mach number, and a i r -  
f o i l  shape. 
a e r o e l a s t i c  a n a l y s i s .  

I n  t h e  p u b l i s h e d  l i t e r a t u r e  the re  a r e  f o u r  t ypes  o f  models f o r  dynamic 
s t a l l  based on exper imen ta l  d a t a  ( s e m i - e m p i r i c a l ) .  The f i r s t  ( r e f .  33) i s  t o  
use measured d a t a  t a b u l a t e d  i n  a th ree -d imens iona l  a r r a y  ( a n g l e  o f  a t t a c k ,  
reduced p i t c h  r a t e ,  reduced p i t c h  a c c e l e r a t i o n )  w i t h  an a p p r o p r i a t e  c o r r e c t i o n  
f o r  l o c a l  Mach number. T h i s  r e q u i r e s  a l a r g e  amount o f  d a t a  s t o r a g e  f o r  each 
a i r f o i l ,  f requency o f  o s c i l l a t i o n  and t h e  a s s o c i a t e d  i n t e r p o l a t i o n .  The second 
( r e f s .  34 and 35) i s  t o  u t i l i z e  a c o r r e c t e d  a n g l e  o f  a t t a c k  when t h e  a n g l e  
exceeds t h e  s t a t i c  s t a l l  a n g l e .  Th is  c o r r e c t i o n  i s  a f u n c t i o n  o f  t h e  r a t e  o f  
change o f  a n g l e  o f  a t t a c k .  The t h i r d  ( r e f s .  37 and 38) i s  t o  reduce t h e  
l a r g e  volume o f  d a t a  o b t a i n e d  f r o m  exper iments t o  compact exp ress ions  ( s y n t h e -  
s i z a t i o n ) .  The f o u r t h  ( r e f .  39) I s  t o  d e s c r i b e  t h e  l i f t  and moment c o e f f i -  
c i e n t s  i n  terms o f  o r d i n a r y  d i f f e r e n t i a l  equa t ions  (ONERA mode l ) .  The l a s t  
two models a t t e m p t  t o  f i t  t h e  exper imenta l  d a t a  by way o f  e q u a t i o n s .  
be no ted  t h a t  i n  t h e  f i r s t  two models t h e  t i m e  h i s t o r y  o f  t h e  m o t i o n  i s  n o t  
taken i n t o  account .  

(1)  t h e y  a t t e m p t  t o  use s t a t i c  d a t a  w i t h  a dynamic c o r r e c -  

( 2 )  They t a k e  l e s s  computer t i m e  s o  t h e y  can be used i n  a r o u t i n e  

* 

I t  should 

l h e  e m p i r i c a l  parameters used i n  t h e  s e m i - e m p i r i c a l  models r e f e r r e d  above 

So s t a l l  
a r e  u s u a l l y  o b t a i n e d  f r o m  a i r f o i l s  o s c i l l a t i n g  i n  p i t c h  abou t  q u a r t e r - c h o r d .  
However, an a r b i t r a r y  m o t i o n  i n c l u g e s  both. .p i tch and p lunge  mot ions .  
mode l i ng  should i n c l u d e  separa te  h and h terms i n  t h e  i d e n t i f i c a t i o n  o f  
t h e  e m p i r i c a l  parameters.  T h i s  would seem t o  r e q u i r e  exper iments  t h a t  a l l o w  
f o r  p lunge  as w e l l  as p i t c h  mot ions.  But ,  i t  would c e r t a i n l y  be c o n v e n i e n t  i f  
o n l y  d y n a m i c - p i t c h  exper iments w e r e  needed arid t h e  p lunge  e f f e c t s  c o u l d  be 
d e r i v e d  f r o m  them by o t h e r  means. Many o f  t he  e x i s t i n g  dynamic s t a l l  mode l i ng  
methods do n o t  t a k e  i n t o  account  t h i s  d i s t i n c t i o n .  Reference 49 m a i n t a i n s  
t h a t  t h e  equ iva lence  between p i t c h  and p l u n g e  i s  n o t  v a l i d  s i n c e  t h e  way t h e  
s t a l l  c e l l  forms and propagates i s  d i f f e r e n t  i n  p i t c h  and p lunge .  However, 
t e s t s  have shown t h a t  t h e  equiva lence between p i t c h  and p lunge  i s  reasonab le  
i n  l i g h t  s t a l l  b u t  n o t  i n  deep s t a l l .  
o f  p i t c h  and p lunge  see re fe rences  50 and 5 1 .  I n  t h e  s e m i - e m j i i r i c a l  models, 
ment ioned above, t h e  ONERA model a t tempts t o  t a k e  t h i s  d i s t i n c t i o n  i n t o  
account .  

For  more d i s c u s s i o n  on t h e  equ iva lence  

I n  t h e  f o l l o w i n g  t h e  l a s t  t h r e e  s e m i - e m p i r i c a l  models, wh ich  a r e  des ig .  
na ted  as A ,  5, and C ,  a r e  d e s c r i b e d .  l h e s e  methods a r e  s e l e c t e d  on t h e  b a s i s  
o f  t h e i r  a v a i l a b i l i t y  and easy imp lemen ta t i on .  Equat ions a r e  p resen ted  t o  
c a l c u l a t e  l i f t  and p i t c h i n g  moment c o e f f i c i e n t s .  Equat ions s i m i l a r  t o  those  
g i v e n  f o r  p i t c h i n g  moment c o e f f i c i e n t  can be used t o  c a l c u l a t e  c o e f f i c i e n t  o f  
d rag .  I t  i s  t o  be no ted  when c a l c u l a t i n g  t h e  r e s u l t a n t  v e l o c i t y  on t h e  a i r -  
f o i l  t h a t  t h e  p r e s e n t  s tudy  i s  r e s t r i c t e d  t o  n o n r o t a t i n g  s t r u c t u r a l  models, 
hence t h e  r e s u l t a n t  v e l o c i t y  i s  same as t h e  f r e e  s t ream v e l o c i t y .  

The MI1 model of r e f e r e n c e  36, c o r r e c t s  t h e  a n g l e  o f  a t t a c k  as a f u n c t i o n  o f  
r a t e  o f  a n g l e  of  a t t a c k ,  b u t  i d e a l i z e s  t h e  l o a d i n g  due t o  v o r t e x  as an impact  l o a d  
a t  t h e  i n s t a n t  of  s t a l l  occurrence.  The magnitude o f  t h i s  impac t  l o a d i r i g  i s  
o b t a i n e d  f rom exper iments.  

* 
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MODEL A - CORRECTED ANGLE OF A l T A C K  APPROACH 

T h i s  model i s  p resented  i n  re fe rences  34 and 35. I n  t h i s  model, t h e  
a c t u a l  a n g l e  o f  a t t a c k ,  a, i s  c o r r e c t e d  t o  o b t a l n  an e f f e c t i v e  a n g l e  o f  
a t t a c k  a Then, t h e  c o e f f i c i e n t s  ck and cmcI4, wh ich  a r e  f u n c t i o n s  o f  

Mach number, a r e  ob ta ined  f r o m . s t a t i c  a i r f o i l  da ta .  The c o r r e c t i o n  t o  t h e  
ang le  o f  a t t a c k  i s  a f u n c t i o n  o f  r a t e  o f  a n g l e  o f  a t t a c k  and i s  based on 
o s c i l l a t i n g  a i r f o i l  t e s t  da ta .  

E '  

The r e l a t i o n  between t h e  a c t u a l  and t h e  e f f e c t i v e  a n g l e  o f  a t t a c k  i s  
g i v e n  i n  terms of an i nc remen ta l  dynamic s t a l l  ang le ,  AaDs, as 

l h e n  an e m p i r i c a l  r e l a t i o n  i s  e s t a b l i s h e d  f r o m  exper iments between 
t h e  r a t e  o f  ang le  o f  a t t a c k  as, 

AaDS and 

Here V i s  t h e  r e s u l t a n t  v e l o c i t y ,  c i s  t h e  chord o f  t h e  a i r f o i l ,  Cr i s  t h e  
r a t e  o f  a n g l e  o f  a t t a c k ,  A i s  t h e  nondimensional  r a t e  o f  a n g l e  o f  a t t a c k ,  t h e  
f u n c t i o n  y has t o  be de termined e m p i r i c a l l y  f rom o s c i l l a t i n g  a i r f o i l  t e s t  
da ta ,  and K1 i s  g i v e n  by 

K1 = 3/4 t 1/4 s i g n ( & )  ( 3 )  

l h e  f u n c t i o n  y i s  a f u n c t i o n  o f  Mach number, a i r f o i l  maximum t h i c k n e s s  
t o  chord r a t i o  and has d i f f e r e n t  va lues  f o r  l i f t  and moment. l h i s  i n d i c a t e s  
t h a t  t h e  i n f l u e n c e  o f  y i s  n o t  the same f o r  b o t h  l i f t  s t a l l  and moment s t a l l .  

From equa t ion  ( 2 ) ,  i t  can be seen t h a t  y i s  t h e  s l o p e  o f  t h e  s t r a i g h t  

l i n e  r e p r e s e n t i n g  t h e  v a r i a t i o n  o f  ha  w i t h  m. l h e  s l i p e  i s  c o n s t a n t  DS 
f o r  t h i c k e r  a i r f o i l s .  However, f o r  t h i n  a i r f o i l s ,  expe r imen ta l  d a t a  r e v e a l  

t h a t  t h e r e  a r e  two s lopes y1 and y depending on t h e  va lues  o f  m. The 2 '  
va lue  o f  a t  which t h e  s lope  changes i s  des igna ted  as mBreak . The 

d e f i n i t i o n s  o f  yl, y2, h a D S ,  and Jm a r e  s c h e m a t i c a l l y  shown i n  f i g u r e  4 .  

The va lues  o f  y,  f o r  b o t h  l i f t  s t a l l  and moment s t a l l  a r e  l i s t e d  below: 

L i f t  S t a l l  

Y ~ L  = 1 . 4  - 6 .0  (0.06 - t / c ) ,  I f  Mach No. < 0.4 t 5.0 (0.06 - t / c )  

Y2L = 0. If Mach No. > 0.9 t 2.5 (0 .06  - t / c )  

Y1L = 0.5 ( 4 )  



Moment S t a l l  

Y2M = 1.0  - 2 . 5  (-06 - t / c ) ,  I f  Mach No.  < 0.2 

Y2M = 0. I f  Mach No. > 0.7 t 2.5 (.06 - t / c )  

Y1M = 0.0 (5) 

where s u b s c r i p t s  L and M denote l i f t  and moment r e s p e c t i v e l y .  I t  i s  t o  be 
no ted  t h a t  I n  t h e  above exp ress ions ,  t h e  e f f e c t  o f  Mach number i s  i n c l u d e d  I n  
t h e  d e f i n i t i o n  o f  y, and y2.  The v a r i a t i o n  o f  y2 w i t h  Mach number i s  

s c h e m a t i c a l l y  shown i n  f i g u r e  4 .  Also based on e x p e r i m e n t a l  da ta ,  aBreak 
j s  expressed i n  terms o f  t / c  as 

mBreak = 0.06 + 1 .5 (0 .06  - t / C )  

’The n e x t  s t e p  ’IS t o  express Aa i n  terms o f  y 1, y2’  and m. DS 

T h i s  f o r m u l a t i o n  has t h e  e f f e c t  o f  reduc ing  t h e  a n g l e  o f  a t t a c k  f o r  p o s i t i v e  
dr, and o f  i n c r e a s i n g  t h e  a n g l e  o f  a t t a c k  f o r  n e g a t i v e  dr.  The f i n a l  l i f t  and 
moment c o e f f i c i e n t s  a r e  c a l c u l a t e d  as 

= c ( a  ) mc/4 m E , M  C 

where a I s  t h e  ang le  o f  a t t a c k  f o r  zero l i f t .  
ca = 0 

I t  should be no ted  t h a t  i n  t h i s  f o r m u l a t i o n  t h e  e f f e c t s  o f  Mach number 
and t h i c k n e s s  t o  chord r a t i o  a r e  e x p l i c i t l y  i n c l u d e d .  l h i s  w i l l  be u s e f u l  i n  
t h e  a p p l i c a t i o n  of t h i s  model d i r e c t l y  t o  advanced t u r b o p r o p  b lades ,  which a r e  
v e r y  t h i n ,  ope ra te  a t  d i f f e r e n t  Mach numbers a l o n g  t h e  r a d i u s ,  and have a 
v a r y i n g  t h i c k n e s s  t o  chord r a t i o  along t h e  r a d i u s .  I t  should be no ted  t h a t  
above f o r m u l a t i o n  i s  used o n l y  when the a c t u a l  a n g l e  o f  a t t a c k  i s  above t h e  
s t a t i c  s t a l l  ang le .  Th is  i m p l i e s  t h a t  a f t e r  s e p a r a t i o n  o f  t h e  f l o w ,  t h e  
rea t tachmen t  i s  assumed a t  s t a t i c  s t a l l  ang le .  Reference 38 observed t h a t  
t h i s  may n o t  reproduce t h e  p i t c h i n g  moment l o o p  c o r r e c t l y ,  t he reby  a f f e c t i n g  
t h e  aerodynamic damping c a l c u l a t i o n s .  
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M O D E L  B - SYNTHESIS PROCEDURE 

Reference 38 p r e s e n t s  a syn thes i zed  approach t o  dynamic s t a l l  model ing.  
l h e  syn thes i zed  data e s s e n t i a l l y  c o n s i s t  o f  s e m i - e m p i r i c a l l y  o b t a i n e d  a n a l y t i -  
c a l  exp ress ions  r e p r e s e n t i n g  q u a l i t a t i v e  app rox ima t ions  t o  t h e  v a r i o u s  observed 
p h y s i c a l  f e a t u r e s  a s s o c i a t e d  w i t h  t h e  dynamic s t a l l  o f  a i r f o i l s .  The model 
adequa te l y  accounts f o r  t h e  e f f e c t s  o f  f o r m a t i o n  and streamwise t r a v e l  o f  t h e  
dynamic s t a l l  v o r t e x .  The process i n v o l v e s  c u r v e - f i t t i n g  a n a l y t i c  exp ress ions  
t o  t h e  t e s t  l o o p  d a t a  w i t h  t h e  o b j e c t i v e  o f  d e t e r m i n i n g  t h e  unknown parameters 
o r  c o e f f i c i e n t s  embedded i n  t h e  a n a l y t i c a l  exp ress ions .  

Three dynamic parameters a r e  d e f i n e d  t o  p r e d i c t  t h e  dynamic s t a l l  even ts :  
( 1 )  t h e  instantaneous a n g l e  o f  a t t a c k ,  a; ( 2 )  t h e  nondimensional  r a t e  o f  a n g l e  
o f  a t t a c k ,  A ;  and ( 3 )  a decay parameter,  a,,,, wh ich  accounts f o r  t h e  t i m e  
h i s t o r y  e f f e c t s  o f  t h e  change i n  a, and i s  based on t h e  Wagner f u n c t i o n .  The 
d a t a  on which t h i s  s y n t h e s i s  procedure i s  based accounts f o r  some e f f e c t s  o f  
a i r f o i l  shape, Mach number, and Reyno ld ' s  number. I n  t h e  f o l l o w i n g ,  t h e  decay 
parameter ,  % i s  d e f i n e d ,  t h e n  t h r e e  s tages o f  dynamic s t a l l  a r e  i d e n t i f i e d  
and expressed i n  t e r m s  o f  t h e  e m p i r i c a l  parameters o b t a i n e d  f r o m  t h e  s y n t h e s i s  
procedure.  l h e  r e l a t i o n s  f o r  unsteady l i f t  and moment based on t h e  above 
parameters a r e  presented.  

D e f i n i t i o n  o f  aw 

For a two-d imens iona l  a i r f o i l  g o i n g  th rough  an a r b i t r a r y  change i n  a n g l e  
o f  a t t a c k ,  one can d e s c r i b e  an i ns tan taneous  e f f e c t i v e  a n g l e  o f  a t t a c k ,  a by 
u s i n g  Duhamel's i n t e g r a l  ( r e f .  4 0 ) ,  E '  

where a ( 0 )  corresponds t o  t h e  i n i  
number, +c ( s , M )  (Wagner f u n c t i o n )  
and s i s  t h e  nondirnensional t ime  

M )  t l S  '! do a C ( s  - o , M )  do 

i a l  a n g l e  o f  a t t a c k ,  M r e p r e s e n t s  Mach 
i s  t h e  response t o  a s t e p  change i n  a, 
g i v e n  by 

l h e  decay paranieter i s  g i v e n  by 

a = a ( s )  .- a ( 5 )  
W E 

l h e  decay paranieter, aw, i s  t h e  d i f f e r e n c e  between t h e  i n s t a n t a n e o u s  
and, t h e r e f o r e ,  acounts f o r  t h e  aE * 

ang le ,  a ( s ) ,  and t h e  e f f e c t i v e  a n g l e  

t i m e  h i s t o r y  e f f e c t s  o f  t h e  change i n  a. l h e  e f f e c t  o f  c o m p r e s s i b i l i t y  i s  
a l s o  i n c o r p o r a t e d  i n  t h e  d e f i n i t i o n  o f  aw, by d e f i n i n g  

-0.0455 ( 1 - M  2 ) o .335  e - 0.35 ( 1 - M 2 V { 7  
( 1 .  - M ) ( 1 4 )  

+c (s,M) = 1. - 0.165 e 

7he c a l c u l a t i o n  of  A ,  and a W  f o r  s i n u s o i d a l  m o t i o n  and a r b i t r a r y  
m o t i o n  a r e  g i v e n  i n  the l a t t e r  s e c t i o n s .  
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P r e d i c t i o n  o f  Dynamic S t a l l  Events 

I n  t h e  p u b l i s h e d  l i t e r a t u r e ,  t h r e e  s tages o f  dynamic s t a l l  a r e  d e f i n e d :  
( 1 )  t h e  onse t  o f  s t a l l ,  which g i v e s  the a n g l e  a t  which s t a l l  s t a r t s  ( s e e  
f i g .  3 ) ;  ( 2 )  t h e  v o r t e x  a t  t h e  t r a i l i n g  edge, which g i v e s  t h e  t i m e  (nondimen- 
s i o n a l )  t aken  f o r  t h e  v o r t e x  t o  t r a v e l  t o  t h e  t r a i l i n g  edge; and ( 3 )  t h e  
rea t tachmen t ,  t h e  a n g l e  a t  which t h e  f l o w  r e a t t a c h e s  t o  t h e  a i r f o i l .  I n  t h e  
p r e s e n t  model these t h r e e  s tages a r e  r e l a t e d  e m p i r i c a l l y  by t h e  nondimensional  
r a t e  o f  a n g l e  o f  a t t a c k ,  A, t h e  decay parameter ,  ow, and t h e  s t a t i c  s t a l l  
angle,  a s s .  The va lues o f  A, a,,,,, and ass correspond t o  t h e  va lues  a t  t h e  
i n s t a n t  o f  moment s t a l l ,  s i n c e  moment s t a l l  occurs p r i o r  t o  l i f t  s t a l l .  

Onset o f  s t a l l :  The a n g l e  o f  a t t a c k  a t  which t h e  s t a l l  begins i s  g i v e n  by 

a = ( l . + c t C  A t C  ( 1 6 )  Dm Am m wmawm) 

where s u b s c r i p t  m r e f e r s  t o  va lues  a t  t h e  p o i n t  o f  moment s t a l l  and t h e  
e m p i r i c a l  parameters E, CAm, and Cwm a r e  o b t a i n e d  f rom c u r v e  f i t t e d  e x p e r i -  
menta l  d a t a .  

Vo r tex  a t  t h e  t r a i l i n g  edge: A f t e r  t he  occurrence o f  moment s t a l l ,  t h e r e  
i s  a s i g n i f i c a n t  i n c r e a s e  i n  n e g a t i v e  p i t c h i n g  moment due t o  t h e  t r a v e l  o f  t h e  
s t a l l  v o r t e x .  l h e  maximum n e g a t i v e  p i t c h i n g  moment occurs when t h e  v o r t e x  i s  
near t h e  t r a i l i n g  edge o f  t h e  a i r f o i l .  The t i m e  a t  which t h e  v o r t e x  l eaves  
t h e  t r a i l i n g  edge i s  g i v e n  by 

5 = l . O / ( C  A t C m t  A t  mi at"0m) 

where s i s  t h e  t o t a l  nondimensional  t i m e  f o r  t h e  v o r t e x  t o  t r a v e l  f r o m  t h e  

l e a d i n g  edge t o  t h e  t r a i l i n g  edge, arid t h e  e m p i r i c a l  parameters 

C a r e  o b t a i n e d  f rom exper imen ts .  

m t  
CAt and 

a t  

Reattachment:  For Mach numbers < 0 . 4 ,  the rea t tachmen t  occurs a t  an a n g l e  
wh ich  i s  l e s s  than  the  s t a t i c  s t a l l  ang le .  A t  h i g h e r  Mach numbers, aKE L 

can be g r e a t e r  than the s t a t i c  s t a l l  ang le  
ass.  

a = ( l - c + C  A t C  a ) a  (18) Rk AH m wR wm 5 s  

and C a r e  cu rve  f ' l t t e d  f o r  a g i v e n  a i r f o i l  
wR 

l h e  e m p i r i c a l  parameters 

f r o m  exper imen t s .  

I n  summary, t h e r e  a r e  seven e m p i r i c a l  parameters t o  p r e d i c t  t h e  dynamic 
s t a l l  even ts  and they depend on Mach number, Reyno ld ' s  number, sweep a n g l e  and 
a i r f o i l  shape. 

Now t h e  unsteady l i f t  and moment c o e f f i c i e n t s ,  i n c l u d i n g  dynamic s t a l l  
e f f e c t s ,  a r e  expressed i n  terms o f  a d d i t i o n a l  e m p i r i c a l  parameters and a r e  
g i v e n  below. 

Unsteady L i f t  C o e f f i c i e n t  

C a = CLu = C L s  (a - A a  1 - A a  2 ) t a o Q Aal + ACL1 i. A C 1 2  ( 1  8a) 
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61 

R E  - 0  a < a  

where 61 and 62 depend on onset  o f  s t a l l  and rea t tachmen t .  

s h i f t  i n  a n g l e  o f  a t t a c k ,  /lal 

unsteady e f f e c t s  below s t a l l  and w i t h  t h e  occu r rence  o f  dynamic s t a l l  and 
rea t tachmen t .  A C L ~  r e p r e s e n t s  t h e  unsteady e f f e c t s  over  s t a t i c  l i f t  f o r  
u n s t a l l e d  a i r f o i l s ,  and A C L ~  r e p r e s e n t s  t h e  e f f e c t s  a s s o c i a t e d  w i t h  dynamic 
s t a l l .  
O f  S t a t i c  l i f t  C o e f f i c i e n t ,  c L s ,  a t  some s h i f t e d  a n g l e  ( a - h a ,  Aa2) p l u s  an 

I n  e q u a t i o n  (18a ) ,  aoa i s  t h e  c o n v e n t i o n a l  s t a t i c  l i f t  c u r v e  s l o p e .  The 
and ha2, a r e  a s s o c i a t e d  r e s p e c t i v e l y  w i t h  t h e  

Equa t ion  (18a) expresses t h e  s y n t h e s i z e d  unsteady c o e f f i c i e n t  as a sum 

1 4  



i nc remen t  l i f t  c o e f f i c i e n t  (ACLl t For u n s t a l l e d  cases ha2 and 

bCI2 a r e  zero .  A l so  t31 = 0.16, sm i s  t i m e  measured f r o m  t h e  i n s t a n t  o f  t h e  
occu r rence  o f  dynamic moment s t a l l .  The parameters P i  t h rough  P3 and Q1 
th rough  Q7 a r e  de termined e m p i r i c a l l y  by means o f  l e a s t  squares c u r v e  f i t t i n g  
o f  e q u a t i o n  (16a)  w i t h  t h e  t e s t  da ta .  

Unsteady Moment C o e f f i c i e n t  

mc,4 = cMu = CMs ( a  - A a  ) + a A a  t ACm (19a)  2 om 2 C 

A s  6 2 ' '7aDm Dm m hCm = qlA t q 2 a w '3 (a:;) '4 l p w l  '5&1 ' ' 

I n  e q u a t i o n  (19a ) .  aOm 
zero,  and CMS i s  t h e  s t a t i c  moment c o e f f i c i e n t  about  q u a r t e r  cho rd .  l h e  
parameters  n1 th rough  n7 a r e  determined by l e a s t  square cu rve  f i t t i n g  o f  

t h e  t e s t  d a t a .  For u n s t a l l e d  a i r f o i l s ,  t h e  l a s t  t h r e e  terms a r e  zero .  

i s  t h e  s t a t i c  moment a t  ze ro  a n g l e  o f  a t t a c k ,  n o r m a l l y  

I t  shou ld  be no ted  t h a t  ( 1 )  the  d e l a y ,  t h e  t i m e  f r o m  t h e  onse t  o f  s t a t i c  
s t a l l  t o  a c t u a l  r t a l l ,  i s  taken i n t o  account  by c a l c u l a t i n g  the  a c t u a l  dynamic 
s t a l l  a n g l e  f r o m  t h e  c u r v e  f i t t e d  exper imen ta l  da ta ,  ( 2 )  t h e  d i f f e r e n c e  i n  
p i t c h i n g  and p l u n g i n g  mo t ion  i s  n o t  taken i n t o  account  e x p l i c i t l y .  l h e  t o t a l  
a n g l e  o f  a t t a c k  and i t s  d e r i v a t i v e  are used i n  t h e  f o r m u l a t i o n ,  and ( 3 )  v o r t e x  
f o r m a t i o n  and i t s  e f f e c t s  a r e  accounted f o r .  

MODEL C - O N t K A  MODtL 

l h e  ONLHA model ( r e f .  39) desc r ibes  the  l i f t  and moment c o e f f i c i e n t s  i n  
terms o f  o r d i n a r y  d i f f e r e n t i a l  equat ions .  The equa t ions  a r e  o f  f i r s t  o r d e r  i n  
the  l i n e a r  f l o w  regime ( a t t a c h e d  f l o w ) ,  and they  a r e  o f  t h i r d  o r d e r  i n  t h e  
n o n l i n e a r  regime ( s e p a r a t e d  f l o w ) .  t h e  t h i r d  o r d e r  e q u a t i o n  s i m u l a t e s  the  
pseudo i n e r t i a l ,  pseudo damping, and pseudo e l a s t i c  f o r c e s  o f  a f l u i d  o s c i l l a -  
t o r .  l h e  parameters ( s i x  f o r  l i f t ,  and f i v e  f o r  moment) i n  t h e  d i f f e r e n t i a l  
e q u a t i o n s  a r e  i d e n t i f i e d ,  as f u n c t i o n s  o f  a n g l e  o f  a t t a c k ,  by parameter i d e n -  
t i f i c a t i o n  o f  t e s t  da ta .  These t e s t s  a r e  conducted about  each mean a n g l e  o f  
a t t a c k  a t  v a r i o u s  reduced f requenc ies  a t  sma l l  a m p l i t u d e  ( = l o )  o f  o s c i l l a t i o n .  
l h e y  showed good c o r r e l a t i o n  f o r  angles o f  a t t a c k  up t o  2 3 " .  Reyno ld ' s  number 
and Mach number e f f e c t s  a r e  i n c l u d e d  i m p l i c i t l y  f r o m  a s t a t i c  a i r f o S l  d a t a  
base. I t  shou ld  be no ted  t h a t  a d i f f e r e n t i a l  e q u a t i o n  a u t o m a t i c a l l y  accounts  
f o r  t h e  t i m e - h i s t o r y  e f f e c t s .  

l h e  model c o n s i s t s  o f  t h r e e  equat ions  t h a t  r e l a t e  t h e  l i f t  c o e f f i c i e n t  o f  
an a i r f o i l  t o  i t s  a n g l e  of a t t a c k .  l h e y  a r e :  

t * * * *  
(20a)  

(20b)  
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where CL1 and C L ~  a r e  t h e  l i f t  c o e f f i c i e n t s  i n  t h e  l i n e a r  and n o n l i n e a r  
r e g i o n s  o f  a n g l e  o f  a t t a c k  (be low and above s t a t i c  s t a l l  a n g l e  r e s p e c t i v e l y ) ,  
a 
a t t a c k  due t o  p i t c h i n g  mo t ion ,  and h/b i s  t h e  a n g l e  o f  a t t a c k  due t o  
p l u n g i n g  mo t ion .  i s  t h e  s t a t l c  l i f t  c o e f f i c i e n t  i n  t h e  l i n e a r  r e g i o n  o f  
a n g l e  o f  a t t a c k .  i s  t h e  d i f f e r e n c e  between t h e  extended l i n e a r  l i f t  c u r v e  
( C L Q  = aoQa) and the  a c t u a l  s t a t i c  l i f t  c u r v e  ( C L S ) .  C Q  i s  t h e  r e s u l t i n g  
t o t a l  l i f t  c o e f f i c i e n t  as shown i n  f i g u r e  5. 

i s  t h e  t o t a l  aerodynamic a n g l e  of,attack o f  t h e  a i r f o i l ,  e i s  t h e  a n g l e  of  

CLQ 
A C L  

S i m i l a r l y ,  the moment c o e f f i c i e n t  can be expressed as a f i r s t  o r d e r  d i f -  
f e r e n t i a l  equa t ion  f o r  angles be low s t a t i c  s t a l l  a n g l e  w i t h  an a d d i t i o n a l  sec- 
ond o r d e r  d i f f e r e n t i a l  e q u a t i o n  f o r  angles above s t a t i c  s t a l l  a n g l e .  However, 
t h e  f i r s t  o r d e r  d i f f e r e n t i a l  e q u a t i o n  i s  n o t  necessary f o r  moment c o e f f i c i e n t  
s i n c e  t h e  Theodorsen f u n c t i o n  C(k)  does n o t  appear I n  e q u a t i o n  f o r  moment 
c o e f f i c i e n t  i n  Theodorsen’s moment e q u a t i o n  f o r  a f l a t  p l a t e ,  r e f e r e n c e  52, 
e q u a t i o n  ( 5 - 3 1 2 ) .  l h e r e f o r e  t h e  equa t ions  f o r  moment c o e f f i c i e n t  a r e  g i v e n  as 

* * **  
t S O  t aa t SO ‘MI = ‘MQ 

* *  * * 
= - (  r A C ~  + Ea) ‘#2 ’ “M2 ’ “M2 

(20d)  

%c/4 = CM1 cM2 ( % O f )  

where cM1 and CM2 a r e  t h e  moment c o e f f i c i e n t s  i n  t h e  l i n e a r  and n o n l i n e a r  
r e g i o n s  o f  a n g l e  o f  a t t a c k .  C M ~  i s  t h e  s t a t i c  moment c o e f f i c i e n t  i n  t h e  l i n -  
ear  r e g i o n .  ACM i s  t h e  d i f f e r e n c e  between t h e  extended l i n e a r  c u r v e  and t h e  
a c t u a l  s t a t i c  curve as shown i n  f i g u r e  5 .  Cmc-4 i s  t h e  r e s u l t i n g  t o t a l  moment 
c o e f f i c i e n t .  

I n  equat ions (2Oa) t o  ( 2 0 e ) ,  the ( * ) ,  ( A * )  o p e r a t o r s  rep rese r i t  d e r i v a  
t i v e s  w i t h  respec t  t o  nondimensional  t ime,  T = V t / b .  l h e  va lues  o f  t h e  
parameters,  A ,  s ,  a, CY, r ,  E a r e  d i f f e r e n t  f o r  l i f t  and moment c o e f f i c i e n t s ,  
and a r e  o b t a i n e d  f rom wind t u n n e l  t e s t s .  However, t h e i r  g e n e r a l  b e h a v i o r  can 
be i d e n t i f i e d  and i s  p resen ted  below. 

For an a i r f o i l  w i t h  a f i x e d  Reynold ’s  number, and Mach number, t h e  param- 
e t e r s  A ,  s ,  a, (I, r ,  E a r e  f u n c t i o n s  o f  t h e  b l a d e  a n g l e  o f  a t t a c k  o n l y ,  and 
must be determined f r o m  wind t u n n e l  t e s t  d a t a  o f  t h e  co r respond ing  a i r f o i l s  by 
parameter i d e n t i f i c a t i o n .  The parameter,  h ,  i s  t h e  t i m e - d e l a y  parameter  asso- 
c i a t e d  w i t h  t h e  l i f t  d e f i c i e n c y  f u n c t i o n .  I t  p r o v i d e s  f o r  changes i n  magni- 
tude and phase o f  the l i f t .  The parameter s i s  t h e  apparen t  mass term.  The 
parameters i n  equat ions (20b)  and (20e)  a r e  a s s o c i a t e d  w i t h  t h e  s t a l l  phenome- 
non. I n  p a r t i c u l a r ,  a i s  a damping parameter;  r i s  t h e  f requency o f  t h e  
s t a l l  response, and E i s  a phase s h i f t  parameter a s s o c i a t e d  w i t h  t h e  s t a l l  
response. l h e  parameters d e f i n i n g  t h e  d i f f e r e n t i a l  e q u a t i o n s  showed a remark- 
a b l y  common behavior  w i t h  s e v e r a l  a i r f o i l s ,  t h a t  i s  t h e y  have shown a p p r o x i -  
m a t e l y  t h e  same values f o r  r, a, E ,  u f o r  each a i r f o i l ,  and same dependence 
on ACL.  The parameter r happens t o  be t h e  same f o r  l i f t  and f o r  moment. 
T h i s  means t h a t  the resonance frequency i s  i n  f a c t  a p r o p e r t y  o f  t h e  f l o w  
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which m a n i f e s t s  i t s e l f  i n  every t y p e  of f o r c e .  The s t a t i c  va lues  ( C L S ,  CMS) 
can be approx imated by po lynomia l s .  The s t a t i c  cu rves  a r e  v e r y  s e n s i t i v e  t o  
a i r f o i l  shape and c o n d i t i o n s  o f  f l o w ,  b u t  t h e  unsteady c h a r a c t e r i s t i c s  a r e  n o t .  

I t  should be no ted  t h a t  t h e  s t a l l  d e l a y  t ime ,  t h e  t i m e  f r o m  t h e  i n s t a n t  
t h e  a n g l e  o f  a t t a c k  exceeds t h e  s t a t i c  s t a l l  a n g l e  t o  t h e  occu r rence  o f  a c t u a l  
s t a l l ,  i s  i n t r o d u c e d  e x p l i c i t l y  w h i l e  s o l v i n g  t h e  e q u a t i o n s .  T h i s  i s  done by 
keep ing  t h e  r i g h t - h a n d  s i d e  o f  equat ions (20b)  and (20e)  equal  t o  zero u n t i l  
t h e  s t a t i c  s t a l l  a n g l e  i s  reached and the  d e l a y  t i m e  i s  met.  T h i s  d e l a y  t i m e  
( i n  terms o f  reduced t i m e ) ,  based on exper imen ta l  da ta ,  i s  t a k e n  as 10 f o r  
l i f t  and 5.8 f o r  moment ( s e e  r e f .  4 0 ) .  The e f f e c t s  o f  p i t c h  and p l u n g i n g  
m o t i o n  a r e  d i s t i n g u i s h e d  by s e p a r a t i n g  t h e  terms t h a t  m u l t i p l y  t h e  t o t a l  a n g l e  
o f  a t t a c k  ( p i t c h  t p lunge)  and t h a t  m u l t i p l y  t h e  p i t c h  r a t e  terms. T h i s  i s  i n  
c o n t r a s t  t o  model A and model B, where such d i s t i n c t i o n  was n o t  made. However, 
i t  should be no ted  t h a t  i n  t h e  ONERA model, t he  system d imens ion  i n c r e a s e s  w i t h  
number o f  i n t e g r a t i o n  p o i n t s  ( 3  f o r  l i f t  and 2 f o r  moment), and i t  can be used 
i n  a l i n e a r i z e d  s t a b i l i t y  a n a l y s i s .  

I n  r e f e r e n c e  53, t h e  equa t ions  (20a) t o  (20e )  a r e  used t o  o b t a i n  t h e  
dynamic response o f  a t y p i c a l  s e c t i o n  h e l i c o p t e r  b lade ,  and i n  r e f e r e n c e  5 4  t o  
an e n t i r e  h e l i c o p t e r  b lade .  I t  should be no ted  t h a t  t h i s  t y p e  o f  model ing,  
e x p r e s s i n g  aerodynamic f o r c e  i n  t h e  f o r m  o f  d i f f e r e n t i a l  equa t ions  has been 
a t tempted  i n  r e f e r e n c e  55.  I n  p a r t i c u l a r  r e f e r e n c e  56 has used i t  i n  t h e  
dynamic s t a l l  a n a l y s i s  o f  h e l i c o p t e r  blades. 

A f l o w  c h a r t  o f  t he  t h r e e  dynamic s t a l l  models i s  g i v e n  i n  f i g u r e  6. 

G O V E R N I N G  A E R O L L A S T l C  E Q U A T I O N S  OF M O T I O N  

l h i s  s e c t i o n  p r e s e n t s  t h e  govern ing equa t ions  used i n  t h e  a e r o e l a s t i c  
s tudy  conducted w i t h  the  t h r e e  dynamic s t a l l  models d e s c r i b e d  e a r l i e r .  Three 
s imp le  s t r u c t u r a l  models a r e  considered.  

1. C a l c u l a t i o n  of  l i f t  and moment c o e f f i c i e n t s  f o r  a i r f o i l s  o s c i l l a t i n g  
s i n u s o i d a l l y  i n  p i t c h  about q u a r t e r  chord.  l h i s  s tudy  w i l l  show t h e  degree o f  
c o r r e l a t i o n  w i t h  p u b l i s h e d  r e s u l t s .  

2. A t y p i c a l  s e c t i o n  model hav ing  p i t c h i n g  and p l u n g i n g  mo t ion .  

3. A p l a t e  model hav ing  p i t c h i n g  and p l u n g i n g  m o t i o n .  

l h e  f l a t  p l a t e  case s i m u l a t e s  t h e  case o f  an advanced t u r b o p r o p  w h i l e  r e d u c i n g  
the  c o m p l e x i t y  i n  t h e  s t r u c t u r a l  model ing.  When t h e  a e r o e l a s t i c  equa t ions  a r e  
f o r m u l a t e d  i n  terms of  normal modes, f o r  example as i n  r e f e r e n c e  2, t h e  s t r u c -  
t u r a l  mode l i ng  i s  i d e n t i c a l  w i t h  t h a t  o f  f l a t  p l a t e .  For t h e  aerodynamic f o r c e  
c a l c u l a t i o n s ,  t h e  dynamic s t a l l  models r e q u i r e  as i n p u t  t h e  a n g l e  o f  a t t a c k  
and i t s  d e r i v a t i v e s  a t  each s e c t i o n  a long t h e  r a d i u s .  T h i s  can be e a s i l y  
implemented i n  t h e  f l a t  p l a t e  model by i n c l u d i n g  t h e  r o t a t i o n a l  e f f e c t s  i n  t h e  
c a l c u l a t i o n  o f  a n g l e  of  a t t a c k  and i t s  d e r i v a t i v e s .  Hence a f l a t  p l a t e  case 
i s  a n a t u r a l  exaniple t o  s t a r t  w i t h  and t o  extend t o  t h e  advanced t u r b o p r o p .  
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A i r f o i l s  O s c i l l a t i n g  S i n u s o i d a l l y  i n  P i t c h  About Q u a r t e r  Chord 

For s t a l l  models A and C, t h e  a n g l e  o f  a t t a c k  and i t s  t i m e  d e r i v a t i v e s  
a r e  g i v e n  by 

- 
a = a t a s i n  w t  

OL = w (I cos w t  

0 

.. z -  
a = - o a s i n  w t  

where a i s  t h e  i ns tan taneous  a n g l e  o f  a t t a c k ,  ao, mean a n g l e  o f  a t t a c k ,  
i s  a m p l i t u d e  o f  o s c i l l a t i o n ,  and w i s  t h e  f requency  o f  o s c i l l a t i o n .  A t i m e  
d e l a y  o f  10 f o r  l i f t  and 5.8 f o r  moment i s  used i n  model C,  based on t h e  s t u d y  
o f  r e f e r e n c e  40. 

For s t a l l  model B ,  t h e  a n g l e  o f  a t t a c k ,  a, nond imens iona l  t i m e  d e r i v a t i v e  
o f  a n g l e  o f  a t t a c k ,  A ,  and t h e  decay parameter,  a,,,, r e q u i r e d  i n  t h e  c a l c u l a t i o n  
o f  t h e  e f f e c t i v e  ang le  o f  a t t a c k  a r e  g l v e n  by 

a = a t 0, s i n  ( w t )  (22) 0 

= a t s i n  ( k s )  ( 2 3 )  0 

A = k C O S  ( k s )  ( 2 4 )  

where k = w b/V, s = V t /b  and 

2 
0.165 (l-Mf]--L0.0455)- 0.335_1J-M_)--(0-.3J 

2 2  2 
( k  M) = - t----- 

1 ’  k 2  t ( l - M 2 ) 2  ( 0 . 0 4 5 5 ) 2  k 2 t ( l - M  ) 0.3 

0 165 k 2  + - I 0.335 -. k 2  --- ( k  M) = __ L ___.I_-_-___ 

2 ’  k 2  k ( 1  M 2 ) 2  (0 .0455)2  k 2 t ( l - M 2 ) 2  0.3? 

For each t i m e  s t e p  n, t h e  a n g l e  o f  a t t a c k ,  A and aW a r e  c a l c u l a t e d .  
l h e  a n g l e  o f  a t t a c k  i s  compared w i t h  t h e  s t a t i c  s t a l l  ang le .  I f  t h i s  a n g l e  i s  
above t h e  s t a t i c  s t a l l  ang le ,  t h e  l i f t  and moment c o e f f i c i e n t s  a r e  o b t a i n e d  
f r o m  co r respond ing  equa t ions  of t h e  t h r e e  dynamic s t a l l  models. l h e n  t h e  
normal f o r c e  c o e f f i c i e n t ,  CN, i s  g i v e n  by c a  cos ( a ) .  I t  shou ld  be no ted  
t h a t  i n  c o n t r a s t  t o  models A and B, model C r e q u i r e s  i n t e g r a t i o n  o f  d i f f e r e n -  
t i a l  e q u a t i o n s .  

A l y p i c a l  S e c t i o n  Model 

l h e  t y p i c a l  s e c t i o n  i s  a r e p r e s e n t a t i v e  s e c t i o n ,  u s u a l l y  t aken  a t  
7 5  p e r c e n t  spar). F i g u r e  7 ,  shows a t y p i c a l  s e c t i o n  o s c i l l a t i n g  i n  p i t c h  and 
p lunge .  The plunge m o t i o n  h i s  p o s i t i v e  downwards, and t h e  p i t c h  m o t i o n  a 
i s  p o s i t i v e  nose up. The equa t ions  o f  m o t i o n  can be w r i t t e n  as 
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.. 
Sh t 1,: t Ca& t Kaa = Qa (29) 

where m i s  t h e  mass, S i s  s t a t i c  balance, Kh i s  t h e  p lunge  s p r i n g  c o e f f i -  
c i e n t ,  K, i s  t h e  p i t c h i n g  s p r i n g  c o e f f i c i e n t ,  ch and C, a r e  t h e  mechanica l  
damping i n  p lunge and p i t c h  r e s p e c t i v e l y ,  Qh and Q, a r e  t h e  f o r c e  and moment 
on t h e  a i r f o i l .  

L e t t i n g  t = ut, and 5 = h/b, the equa t ions  can be w r i t t e n  as 

W i t h  zero mechanical  damping, and e x p r e s s i n g  Qh and Q, i n  terms o f  
normal f o r c e ,  CN, and moment c o e f f i c i e n t s ,  Cm, r e s p e c t i v e l y ,  equa t ions  (30 )  
arid 31 can be w r i t t e n  as 

where k = ob/V, U* = V/bO,, p = m/npb2. 

The elements o f  [MI and [ K ]  a r e  

- 2 Mll = 1 . 0 ,  M12 = M21 = x M22 = r a' a 

where Xa i s  t h e  s t a t i c  unbalance>, ra i s  r a d i u s  o f  g y r a t i o n ,  Oh, a r e  
uncoupled bending arid t o r s i o n  f requenc ies ,  p i s  t he  d e n s i t y  o f  a i r ,  b i s  
s e m i - c h o r d ,  m i s  t h e  mass pe r  u n i t  l eng th ,  p i s  t h e  mass r a t i o ,  V i s  t h e  
r e s u l t a n t  v e l o c i t y ,  and o i s  r e fe rence  f requency.  

I n  t h e  prev' lous s e c t i o n ,  t h e  angle o f  a t t a c k  arid i t s  d e r i v a t i v e s  were 
g i v e n  e x p l i c i t l y  f o r  s i n u s o i d a l  o s c i l l a t i o n s .  However, a s t r u c t u r e  pe r fo rms  a 
more g e n e r a l  mo t ion .  l h e r e f o r e ,  i t  i s  r e q u i r e d  t o  c a l c u l a t e  t h e  a n g l e  o f  
a t t a c k  (a), the nondimensional  t i m e  r a t e  ( A )  and t h e  decay parameter (a,,,,), 
f o r  an a r b i t r a r y  mo t ion .  Th is  i s  g iven below. 

A t  any t ime s t e p  n, t h e  v e l o c ' i t i e s  t a n g e n t i a l  and p e r p e n d i c u l a r  t o  t h e  
l e a d i n g  edge a r e  g i v e n  by ( see  f i g .  1 )  

Up = t i  t x a  t V s i n  (ao t a) ( 3 3 )  
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U l  = V C O S  (ao t a )  

f r o m  wh ich  t h e  ins tan taneous a n g l e  o f  a t t a c k  i s  g i v e n  by 

a = a r c t a n  (-:$ 
n 

( 3 4 )  

W i t h  t h i s  ins tan taneous a n g l e  o f  a t t a c k ,  t h e  parameter A and aw a r e  d e t e r -  
mined by u s i n g  the f o l l o w i n g  equa t ions :  

u s i n g  t h e  backward d i f f e r e n c e  scheme, and 

(aw)n  Xn t Yn 

where 

3 

-0 .0455 (1-M') ( A s ) ,  
x = x  e + 0.165 (an - a ) n n - 1  n -  1 

--0.3 (1 -M 2 ) (As),, 

t 0.335 (an - a ) n-  1 Y = Y  e n n-1 

t (As )n  = 2 un i- 

where c i s  thc  chord ,  Un i s  Lhe v c l o c i t y  normal t o  t t i c  l e a d i n g  edge a t  
t i m e  s t e p  n, and s u b s c r i p t s  n, ( n  1 ) .  u t c . ,  i n d i c a t c  t h e  va lues  a t  t h e  n, 
( n - 1 )  t h  s t e p  i n  a s t e p  by s t e p  i n l e y r a t i o n  method. 

For these aerodynamic p a r a m t t e r s ,  a, A ,  aw, t h e  l i f t  and moment c o e f f i -  
c i e n t s  (abou t  q u a r t e r  cho rd )  a r e  c a l c u l a t e d  f rom t h e  dynamic s t a l l  models A 
and B d e s c r i b e d  e a r l i e r .  l h e n  t h e  aerodynamic normal f o r c e  and moment c o e f f i  
c i t n t s  about the  e l a s t i c  a x i s  a r e  y i v c n  by 

cN c = c  t - -  ( a  t 0.5) m mc/4  2 h (37) 

where cmc/4  i s  t h e  moment c o e f f i c i e n t  c a l c u l a t e d  about  q u a r t e r  cho rd  
p o i n t .  I n  t h e  case o f  dynamic s t a l l  model C,  t h e  s t a l l  parameters  appear ing  
i n  equa t ions  (20a)  t o  (20e)  a r e  c a l c u l a t e d  u s i n g  t h e  above aerodynamic parame- 
t e r s ,  and t h e  d i f f e r e n t i a l  equa t ions  (20a)  t o  (20e)  a r e  i n t e g r a t e d  a l o n g  w i t h  
t h e  s t r u c t u r a l  equat ions  g i v e n  i n  e q u a t i o n  ( 3 2 ) .  A s t a t e  v e c t o r  fo rm o f  t h i s  
combined s t r u c t u r a l / s t a l l  model i s  g i v e n  i n  s e c t i o n  A . l  o f  append ix  A .  
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P l a t e  Model 

l h e  gove rn ing  equa t ions  o f  mot ion a r e  f o r m u l a t e d  n terms o f  normal  modes 
o f  a c a n t i l e v e r e d  p l a t e .  The n o n r o t a t i n g  normal modes o f  t h e  p l a t e  a r e  
o b t a i n e d  f r o m  a NASIHAN a n a l y s i s .  Since any genera l  v b r a t o r y  m o t i o n  o f  t h e  
p l a t e  can be expressed i n  terms o f  t r a n s l a t i o n  of some r e f e r e n c e  a x i s  and 
r o t a t i o n  about  t h i s  r e f e r e n c e  a x i s ,  the p lunge  and p i t c h  mo t ions  a r e  expressed 
about  a r e f e r e n c e  a x i s .  I f  h ( y )  i s  t h e  bending d e f l e c t i o n  o f  t h e  r e f e r e n c e  
a x i s  a t  s t a t i o n  y, when t h e  b l a d e  i s  v i b r a t i n g  i n  t h e  i t h  normal ( coup led )  
mode, and a ( y )  i s  t h e  r o t a t i o n  about t h e  r e f e r e n c e  a x i s ,  t h e  d i sp lacemen t  a t  
s t a t i o n  y can be expressed as a s u p e r p o s i t i o n  o f  t h e  c o n t r i b u t i o n s  o f  t h e  
v a r i o u s  normal modes as 

where q i ( t )  i s  t h e  g e n e r a l i z e d  coo rd ina te ,  which i s  a f u n c t i o n  o f  t i m e .  l h e  
a m p l i t u d e  q i ( t )  expresses how much o f  each normal mode i s  i n t r o d u c e d  i n t o  t h e  
genera l  v i b r a t o r y  mo t ion .  l h e  k i n e t i c  energy dT o f  an element dY i s  

S u b s t i t u t i n g  f o r  h and a and i n t e g r a t i n g  over t h e  span t h e  t o t a l  k i n e t i c  
energy i s  g i v e n  by 

where 

2 nt i -  - I ( m h  i + I a 1  a? t 2 Shiai) dy 

w i t h  t h e  n o r m a l i t y  cond ’ l t i on  

l h e  p o t e n t i a l  energy i s  

u = 1 
-&wi 2 2  qi 2 

where w i  
l h e n  t h e  gove rn ing  equa t ions  o f  mot ion can be w r i t t e n  a s  

i s  t h e  c i r c u l a r  f requency o f  v i b r a t i o n  i n  t h e  i t h  normal mode. 

.. 2 
m i q i  + m i w i  q i  = 0, 

where Q j  i s  t h e  g e n e r a l i z e d  f o r c e  i n c l u d i n g  aerodynamic f o r c e s .  

( 4 4 )  
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Aerodynamic V e l o c i t y  Express ions  

I n  t h e  p resen t  s tudy ,  s imp le  s t r i p  t h e o r y  i s  used t o  c a l c u l a t e  t h e  b l a d e  
v e l o c i t i e s  and fo rces .  T h e r e f o r e  t h e  p l a t e  i s  d i v i d e d  I n t o  a number o f  s t r i p s  
(segments).  For  a f l a t - p l a t e  w i t h  no p r e t w i s t ,  t h e  v e l o c i t i e s  a t  each segment 
a r e  g i v e n  by t h e  same exp ress ions  as f o r  a t y p i c a l  s e c t i o n  model. T h e r e f o r e  
the  a n g l e  o f  a t t a c k  i s  g i v e n  by e q u a t i o n  ( 3 3 ) ,  a f t e r  e x p r e s s i n g  h and 0: 

mot ions  i n  terms o f  normal modes. l h e n  ca and Cmc-4 a r e  c a l c u l a t e d  f r o m  
any o f  t he  dynamic s t a l l  models d e s c r i b e d  e a r l i e r .  l h e  l i f t  and moment c o e f -  
f i c i e n t s  a t  t h i s  segment a r e  g i v e n  by e q u a t i o n  ( 3 6 ) ,  f r o m  wh ich  t h e  a c t u a l  
l i f t  and moment a re  c a l c u l a t e d .  l h e n  t h e  g e n e r a l i z e d  f o r c e  a t  segment, j, i n  
i t h  mode i s  g i v e n  by 

f i j  = ( h i  ( y ) L  + a i ( Y )  M) d l  ( 4 6 )  

where d l  i s  the  l e n g t h  o f  t h e  segment, L and M a r e  t h e  l i f t  and moment a t  
j t h  segment, and h i  ( y )  and a i ( y )  a r e  va lues  o f  h and u a t  the  c e n t e r  
o f  t h e  j t h  segment. 

l h e  t o t a l  g e n e r a l i z e d  f o r c e  on  t h e  b lade  f o r  i t h  mode i s  g i v e n  by 

N 
Q~ = C f i j  

j =1 
(47) 

where N i s  the  number o f  segments, the s t r u c t u r e  i s  d i v i d e d  i n t o .  l h e  
equa t ions  o f  mot ion  a r e  so l ved  f o r  t h i s  t ime  s tep .  

I t  shou ld  be no ted  t h a t  f o r  s t a l l  model C ,  t h e  l i f t  and moment c o e f f i  
c i e n t s  a r e  g i v e n  i n  t h e  fo rm o f  d i f f e r e n t i a l  e q u a t i o n s ,  and t h e  combined 
s t r u c t u r a l / s t a l l  model has t o  be so l ved  f o r  each t ime  s t e p .  For a p l a t e  ( con -  
t inuum) model, the number o f  equa t ions  i n  the  comblned s t r u c t u r a l / s t a l l  model 
depend n o t  o n l y  on t h e  number of  normal modes used, b u t  a l s o  on the  number of 
segments i n t o  which the  b lade  i s  d i v i d e d .  A s t a t e  v e c t o r  f o r m  o f  t h i s  corn 
b i r ied  s t r u c t u r a l / s t a l l  model f o r  model C i s  g i v c n  i n  T e c t i o n  A . 2  o f  append ix  B. 

RtSUI.. 1 S AND DlSCUSSlON 

l h e  numer ica l  r e s u l t s  o f  t h e  s tudy  a r e  p resen ted  i r i  t h i s  s e c t i o n .  l h e  
t h r e e  aerodynamic s t a l l  models e x p l a i n e d  e a r l i e r  a r e  used f o r  compara t i ve  
s t u d i e s .  l h e  r e c u l t s  and d i s c u s s i o n  a r e  per fo rmed f o r  t h r e e  s i m p l e  s t r u c t u r a l  
models: ( I )  an i s o l d t e d  a i r f o i l  o s c i l l a t i n g  s i n u s o i d a l l y  i n  p i t c h  about  
q u a r t e r  chord ;  ( 2 )  a t y p i c a l  sec t i o r i  model p e r f o r m i n g  p i t c h i n g  and p l u n g i n g  
o s c i  1 l a t i o n s ;  and ( 3 )  a f l a t -  p l a t e  model p e r f o r m i n g  p i t c h i n g  and p l u n g i n g  
o s c i l l a t i o n s .  A computer program w i t h  these dynamic s t a l l  models and s t r u c -  
t u r a l  models has been developed and w i l l  be expanded t o  c o n s i d e r  the  a e r o  
e l a s t i c  response o f  advanced tu rboprops .  The f o l l o w i n g  r e s u l t s  show t h e  
v a l i d i t y  o f  the coniputer p rogrsm and an assessment of  t h e  t h r e e  dynamic s t a l l  
models. l h e  exper i r r iental  d a t a  p resen ted  i n  t h i s  r e p o r t  was o b t a i n e d  f rom 
en la rged  pub l i shed  p l o t s .  

l n  t h i s  s t u d y  a l l  t h e  c a l c u l a t i o n s  a r e  made f o r  t h r e e  a i r f o i l s ,  w n e l y  
N A C A  0012, N A C A  0012 ( M O D )  and O A 2 1 2 ,  and f o r  Mach numbers o f  0 . 3  and 0 .4 ,  
s i n c e  the  s e m i  e m p i r i c a l  d a t a  i s  r e a d i l y  a v a i l a b l e  f o r  t hese  Mach numbers. A s  
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p o i n t e d  o u t  e a r l i e r ,  t h e  dynamic s t a l l  e f f e c t s  va ry  w i t h  a i r f o i l  geometry and 
Mach number. However, t h e  f o l l o w i n g  comment can be made f o r  s t a l l  a t  h i g h e r  
Mach numbers. The s t a t i c  s t a l l  ang le  decreases as t h e  Mach number i nc reases  
and t h e  b l a d e  may s t a l l  e a r l i e r  than a t  low Mach numbers. € x p e r i m e n t a l  d a t a  
o f  r e f e r e n c e  56 showed t h a t  f o r  Mach number equal  t o  0.6 t h e r e  i s  shock- 
induced s e p a r a t i o n  and s t a l l .  l h e  dynamic d a t a  suggested t h a t  t h e  f o r m a t i o n  
o f  shock waves somehow i n h i b i t  t h e  development o f  t h e  v o r t e x  shedding process  

A t  t h i s  p i n t ,  a ment ion  o f  t he  e f f e c t s  o f  o t h e r  parameters on dynamic 
s t a l l  i s  i n  o r d e r .  Exper imenta l  r e s u l t s  o f  r e f e r e n c e  7 i n d i c a t e d  t h a t ,  ( 1 )  
i n c r e a s i n g  reduced f requency decreases t h e  i n t e n s i t y  o f  t h e  dynamic s t a l l  
v o r t e x  shedding arid de lays  t h e  f o r m a t i o n  and growth  o f  t h e  l e a d i n g  edge 
v o r t e x ,  ( 2 )  cambering t h e  l e a d i n g  edge tends t o  d e l a y  s t a l l  onset ,  ( 3 )  t h e  
h i g h e r  t h e  Reyno ld 's  number, t he  l a t e r  t h e  s e p a r a t i o n  appears and deve lops ,  
( 4 )  sweep reduces dynamic s t a l l  e f f e c t s ,  ( 5 )  t he  e f f e c t  o f  decrease i n  t h i c k -  
ness i s  s i m i l a r  t o  t h e  e f f e c t  o f  an i n c r e a s e  i n  Mach number, and ( 6 )  cascades 
reduce dynamic s t a l l  e f f e c t .  The dynamic s t a l l  e f f e c t s  a l s o  depend on mean 
a n g l e  and amp l i t ude  o f  o s c i l l a t i o n .  

I t  shou ld  be no ted  t h a t  when comparing w i t h  p u b l i s h e d  r e s u l t s  some quan 
t i t a t i v e  d i f f e r e n c e s  may e x i s t  s ince  t h e  dynamic s t a l l  loads a r e  s e n s i t i v e  t o  
a i r f o i l  s t a t i c  d a t a  used. For completeness, t he  s t a t i c  d a t a  ( c k  and ~mc-4 
versus a), and t h e  dynamic s t a l l  data f o r  t h e  a i r f o i l s  ment ioned above a r e  
g i v e n  i n  appendices B and C .  When comparing r e s u l t s  f r o m  model C w i t h  those 
o b t a i n e d  f r o m  model A and model H, i t  shou ld  be no ted  t h a t  model C i n v o l v e s  
i n t e g r a t i o n  o f  l i f t  and moment equat ion  s imu l taneous ly  w i t h  s t r u c t u r a l  
equa t ions .  

l s o l a t e d  A i r f o i l  O s c i l l a t i n g  i n  P i t c h  About Q u a r t e r  Chord 

. V e r i f i c a t i o n  -_ . - ___ o f  t h e  publ_i-shed-rt?_s.ult_s. _-__ - 'The i n t e n t i o n  he re  i s  t o  v e r i f y  
t h e  p u b l i s h e d  r e s u l t s  and t o  check whether t h e  dynamic s t a l l  models a r e  c o r -  
r e c t l y  implemented i n  t h e  computer program. 

S t a l l  model A :  I n  r e f e r e n c e  35, t h i s  model was a p p l i e d  t o  f o u r  a i r f o i l s ,  
namely t h e  V23010 1.58, N A C A  0012(MOD), V13OO6 . 7 ,  and N A C A  0006, and the  
t h e o r e t i c a l  and rrieasured l i f t  and moment c o e f f i c i e n t s  were c o r r e l a t e d .  l n  t h e  
c o r r e l a t i o n ,  a v a r i a t i o n  i n  t h e  mean a n g l e  o f  a t t a c k ,  a m p l i t u d e  o f  o s c i l l a t i o n ,  
Mach numbers, and reduced f requency was cons idered.  The t e s t  d a t a  i n c l u d e d  
f o r c e d  p i t c h  o s c i l l a t i o n s  f o r  t h e  fou r  a i r f o i l s  and p l u n g i n g  o s c i l l a t i o n s  f o r  
t h e  V23010 1 .58  a i r f o i l .  I t  was concluded t h a t  o v e r a l l  c o r r e l a t i o n  between 
theo ry  arid t e s t  was good f o r  the normal l o r c e  c o e f f i c i e n t  and was accep tab le  
f o r p i t c h i rig nionien t c oe f f i c i en t . 

l o  f a c i l i t a t e  i n t e r p r e t a t i o n  of a n a l y t i c a l  model A,  t h e  l i f t  and moment 
c o e f f i c i e n t s  a r e  c a l c u l a t e d  h e r e i n  and a r e  shown i n  f i g u r e s  8 and 9 a l o n g  w i t h  
t h e  measured d a t a .  l h e  N A C A  0012(M00) a i r f o i l  i n  p i t c h i n g  mo t ion  a t  0.4 Mach 
number i s  cons idered.  F i g u r e  8 p resents  t h e  p l o t s  f o r  a mean ang e o f  9.93", 
a m p l i t u d e  o f  o s c i l l a t i o n  o f  4.65" a t  a reduced f requency  o f  0.064 and f i g u r e  9 
p r e s e n t s  f o r  a mean ang le  o f  12.25", a m p l i t u d e  o f  1 .8" ,  and a reduced f r e -  
quency o f  0.126. l h e  f i g u r e s  reproduce t h e  co r respond ing  ones presented  i n  
r e f e r e n c e  35. I t  can be seen f rom these f i g u r e s  t h a t  ( 1 )  t h e  l i f t  c o e f f i c i e n t  
i s  p r e d i c t e d  w e l l ,  ( 2 )  t he  maximum moment c o e f f i c i e n t  has n o t  becn o b t a i n e d  
f o r  t h e  case o f  k = 0.126, and ( 3 )  moment loops a r e  n o t  reproduced c o r r e c t l y .  
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A c l o s e  examinat ion  o f  t h e  r e s u l t s  i n  r e f e r e n c e  35 f o r  o t h e r  a i r f o i l s ,  and f o r  
o t h e r  f l o w  c o n d i t i o n s  r e v e a l e d  t h a t  t h e  p r e d i c t i o n  i s  good f o r  t h i n . a i r f o i l s  
a t  l ow  reduced frequency and t h e  maximum moment c o e f f i c i e n t  i s  n o t  p r e d i c t e d .  

S t a l l  model 6: Reference 38 p r e s e n t s  s y n t h e s i z e d  l i f t  and moment l oops  
f o r  13  d a t a  s e t s  c o m p r i s i n g  d i f f e r e n t  a i r f o i l s  (SC1095, NACA 0012, V0012, V R 7 ,  
NI-R-1, V2301 1.58, Yawed 0012), Mach numbers (0 .18  t o  0 . 6 ) ,  reduced f requen-  
c i e s  (0 .0  t o  0.38) and Reyno ld ' s  numbers 2.5 t o  6.2 m i l l i o n ) .  l n  t h e  p r e s e n t  
r e p o r t  NACA 0012 i s  chosen t o  v e r i f y  t h e  program. F i g u r e s  10 and 11 p r e s e n t  
l i f t  and moment loops f o r  two cases. l h e  cases r e p r e s e n t  d i f f e r e n t  mean 
ang les ,  ampl i tude,  and reduced f requency  a t  0.3 Mach number and Reyno ld ' s  num 
b e r  o f  3.8 m i l l i o n .  l h e  s teady  s t a t e - d a t a  f o r  t h i s  a i r f o i l  i s  o b t a i n e d  f r o m  
an a n a l y t i c a l  curve f i t  program a v a i l a b l e  i n  G400PROP computer code ( r e f .  5 7 ) .  
l h e  s t a t i c  s t a l l  a n g l e  f o r  MdCh number 0 .3  i s  12".  l h e  l i f t  loops  f r o m  t h i s  
model show good C o r r e l a t i o n  w i t h  e x p e r i m e n t a l  d a t a  ove r  t h e  upper p o r t i o n  
( u p s t r o k e )  b u t  the p r e s e n t  program under p r e d i c t s  t h e  l i f t  c o e f f i c i e n t  i n  t h e  
r e t u r n i n g  s t r o k e .  But  t h e  p u b l i s h e d  r e s u l t s  i n  r e f e r e n c e  38 showed good com 
p a r i s o n  even i n  the  down s t r o k e .  l h e  reason f o r  t h i s  d i sc repancy  between t h e  
p r e s e n t  t h e o r e t i c a l  r e s u l t s  and those o f  r e f e r e n c e  38 i 3  n o t  known a t  t h i s  
t i m e  o f  w r i t i n g .  However, i t  shou ld  be n o t e d  t h a t  i n  a response a n a l y s i s ,  one 
i s  i n t e r e s t e d  i n  c a l c u l a t i n g  t h e  maximum l i f t  o b t a i n e d  i n  dynamic s t a l l .  So 
t h e  p r e d i c t e d  loops a r e  assumed s d t i s f a c t o r y  f o r  t h i s  purpose. l h e  moment 
loops  show good c o r r e l a t i o n  w i t h  the  t h e o r e t i c a l  and exper imen ta l  loops  o f  
r e f e r e n c e  38. I n  c o n t r a s t  t o  l i f t  loops  d u r i n g  t h e  down s t r o k e ,  t h e  moment 
loops  behave w e l l  t h roughou t  t h e  c y c l e .  l h e  good c o r r e l a t i o n  f o r  l i f t  and 
moment loops  may n o t  be s u r p r i s i n g  s i n c e  t h e  model i s  a c t u a l l y  e x p e r i m e n t a l  
da ta ,  r e c o n s t r u c t e d  by a n a l y t i c a l  c u r v e  f i t t e d  exp ress ions ,  wh ich  n a t u r a l l y  
takes  i n t o  account a l l  t h e  events  t h d t  occur  i n  a dyridmic s t a l l  p rocess .  

S t a l l  model C :  'Ihe O N t H A  model wa3 f i r s t  f i l t e d  f o r  t h e  O M 1 2  a i r f o i l  
( r e f .  3 9 ) .  l h i ,  a i r f o i l  has a l i f t  s t a l l  a n g l e  o f  10" and a moment s t a l l  
a n g l e  o f  6".  l h e  r e s u l t s  a r e  p resen ted  f o r  a Mdrh number o f  0.3 and reduced 
f requency  o f  0.05, w i t h  a i r ip l i tude  o f  o s c i l l a t i o n  o f  6" f o r  mean ang les  o f  
a l t a c k  o f  l2O arid 1 4 " .  l h e  gove rn ing  equa t ions  a r e  s o l v e d  u s i n g  a f o u r t h  
o r d e r  Kunye KuLta method. F i g u r e s  12 and 13 w i t h  d e s i g n a t i o n  "a"  show t h e  
l i f t  loops  o t l t , i i n rd  f rom t h i s  model w i t h  , ) r i d  wiLhou t  s t a l l  d e l a y  f o r  medn 
ang les  o f  1 2 "  arid 1 4 " .  l h e  model w i t h  s t d l l  d e l a y  p r e d i c t e d  t h e  maximum l i f t  
c o e f f i c i e n t  w e l l .  l h e  l i f t  l o o p r  c a l c u l a t e d  h c r e i r i  a r e  i n  good a g r e m e n t  w i t h  
co r respond ing  orics i n  re fe re r i ce  39.  I h e  moment loops  f o r  t h e  same cases a r e  
p resen ted  i n  l i g u r e s  12 and 1 3  w i t h  d c s i g n a t i o n  " b " .  Agdin,  t h e  r e s u l t s  show 
good c o r r e l a t i o n  w i t h  those p u b l i s h e d  i n  re fe re r i ce  39. l n t r o d u c i n g  s t a l l  
d e l a y  d i d  n o t  improve t h e  c o r r e l a t i o n  s i n c e  t h e  range o f  a n g l e  o f  a t t a c k  
s t u d i e d  i s  WPI I  above t h e  moriicrit s t a l l  a n q l u  o f  6 " .  I t  i s  i n t e r e s t i n g  t o  n o t e  
t h a t  t he  momorit curves  (even t h e  expc'r i r i ientd l  ones) d i d  r io t  show any l oops  f o r  
t h i s  a i r f o i l .  

Cumpariron o f  the_ t h r e e  dynamic- s t a l l  mod-els for  d sJng1e a l r f - o i l .  - I n  
t h i s  i e c t i o n ,  the l h r e c  dynamic s t a l l  models a r e  a p p l i e d  f o r  a p a r t i c u l a r  a i r  
f o i l .  I n  t h i s  c a s e ,  NACA 0012 a i r f o i l ,  a t  Mach number = 0.3,  arid Reyno ld ' s  
number o f  3.8 m i l l i o n  i s  cons ide red .  

For N A C A  0012 a i r f o i l ,  t h e  l i f t  loops  f rom model B a r e  p resen ted  e a r l i e r ,  
and they  a r e  c a l c u l a t e d  he re  f o r  models A and C .  l n  g e n e r a t i n g  these  p l o t s ,  
t he  s t a t i c  s t a l l  a r i y le  f o r  l i f t  i s  arrurned as 12" f o r  models A and B, and 14" 
f o r  model C .  l o  cornpare a l l  t hese  r e s u l t s ,  a l l  t h r e e  l oops  a r e  shown i n  
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f i g u r e s  14 t o  17, f o r  f o u r  cases by v a r y i n g  t h e  mean a n g l e  of  a t t a c k ,  a m p l i t u d e  
o f  o s c i l l a t i o n ,  and reduced frequency. These cases a r e  l i s t e d  below. 

Case 1 : a0 = 10" CL = lo", k = 0.048'13 
- 

Case 2: a0 = 12", a = lo", k = 0.09756 

Case 3: a0 = 12", a = 8", k = 0.12528 
- 

- 
Case 4:  a0 = 15", a = !io, k = 0.15106 

l h e  measured l i f t  l oops  a r e  a l s o  i n c l u d e d  i n  f i g u r e s  14 t o  17. The p l o t s  
o b t a i n e d  f rom dynamic s t a l l  models A, 8, and C a r e  des igna ted  by a, b, and c,  
r e s p e c t i v e l y .  To f a c i l i t a t e  comparison, t h e  exper imen ta l  p l o t s  a r e  a l s o  shown 
i n  t h e  f i g u r e s .  

F i g u r e  14 shows t h e  l i f t  loops ob ta ined  f o r  case 1. A l l  t h r e e  s t a l l  
models p r e d i c t  t h e  loops reasonably  w e l l  f o r  t h i s  reduced f requency o f  0.048. 
Even t h e  s i m p l e s t  model, model A, g ives a v e r y  good c o r r e l a t i o n  between t h e o r y  
and exper imen t .  Model 8, as mentioned i n  t h e  p r e v i o u s  s e c t i o n  u n d e r p r e d i c t s  
t h e  l i f t  c o e f f i c i e n t  d u r i n g  t h e  down s t r o k e .  The ONERA model, model C, 
p r e d i c t s  a h i g h  l i f t  c o e f f i c i e n t  compared t o  models A,  8, and exper iment .  
l h i s  may be due t o  t h e  assumption o f  h i g h  s t a t i c  s t a l l  a n g l e  f o r  t h e  a i r f o i l ,  
and may be due t o  t h e  numer i ca l  procedure r e q u i r e d  i n  i n t e g r a t i n g  t h e  
e q u a t i o n s  . 

F i g u r e  15 p r e s e n t s  t h e  p l o t s  for case 2. The reduced f requency f o r  t h i s  
case i s  a p p r o x i m a t e l y  t w i c e  t h a t  f o r  t h e  p r e v i o u s  case. The a m p l i t u d e  o f  
o s c i l l a t i o n  i s  lo", as i n  t h e  p rev ious  case. I t  can be seen f r o m  p l o t  l a 1  
t h a t  model A d i d  n o t  q u a l i t a t i v e l y  reproduce t h e  exper imen ta l  cu rve ,  even 
though t h e  maximum l i f t  c o e f f i c i e n t  i s  reasonab ly  w e l l  p r e d i c t e d .  S ince  t h e  
a rea  o f  t h e  l o o p  rep resen ts  t h e  energy t r a n s f e r ,  o r  damping i n  t h e  system, 
t h i s  model u n d e r p r e d i c t s  t h e  damping. Models 6 and C p r e d i c t  t h e  l o o p  
reasonab ly  w e l l .  

F i g u r e  16 shows t h e  l i f t  loops ob ta ined  f o r  case 3. 'Ihe reduced f requency 
and t h e  a m p l i t u d e  o f  o s c i l l a t i o n  a r e  0.125 and 8" r e s p e c t i v e l y .  Models A and 
C p r e d i c t  a l a r g e r  maximum l i f t  c o e f f i c i e n t  and model 6 p r e d i c t s  a lower  maxi -  
mum l i f t  c o e f f i c i e n t  compared t o  exper iment .  

F i g u r e  17 shows t h e  p l o t s  f o r  case 4. l h e  reduced f requency i s  0.151, 
and t h e  a m p l i t u d e  o f  o s c i l l a t i o n  i s  5 " .  I t  i s  s u r p r i s i n g  t o  n o t e  t h a t  model A 
p r e d i c t s  t h e  l i f t  l oop  reasonably  w e l l  compared t o  exper iment .  Model C p r e -  
d i c t s  a l a r g e r  l i f t  loop.  

An o v e r a l l  comparison o f  t he  f i g u r e s  1 4  t o  17 i n d i c a t e  t h a t  a l l  t h r e e  
dynamic s t a l l  models p r e d i c t e d  t h e  l i f t  loops reasonably  w e l l  f o r  t h e  cases 
c o n s i d e r e d .  However, t h e  f o l l o w i n g  no te  i s  i n  o r d e r  r e g a r d i n g  t h e  a p p l i c a t i o n  
o f  model C .  l h e  parameters i n  model C have been eva lua ted  f rom t e s t s  con- 
duc ted  a t  sma l l  a m p l i t u d e  o f  o s c i l l a t i o n  (=lo). Here t h e  model has been 
used f o r  p r e d i c t i n g  l i f t  a t  h i g h  amp l i t ude  of  o s c i l l a t i o n  ( ~ 5 " ) .  T h i s  model 
i s  expected t o  g i v e  s t i l l  b e t t e r  c o r r e l a t i o n  w i t h  exper imen ta l  d a t a  when used 
i n  a sma l l  a m p l i t u d e  o f  o s c i l l a t i o n  environment,  such as t h a t  e x i s t s  f o r  p r o -  
p e l l e r s  and compressors. Models A and B do n o t  have such r e s t r i c t i o n s  on 
f o r m u l a t i o n  and use. 
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Moment C o e f f i c i e n t  

f i g u r e s  1 8  t o  21 show t h e  moment loops  o b t a i n e d  f r o m  models A and E .  
S p e c i f i c a l l y ,  i n  these f i g u r e s ,  p l o t s  ( a )  and ( b )  show t h e  l oops  o b t a i n e d  f r o m  
models A and 8, r e s p e c t i v e l y .  S ince  t h e  moment d a t a  i s  n o t  a v a i l a b l e  f o r  
NACA 0012 f r o m  the  ONERA f i t ,  loops  f r o m  t h i s  model a r e  n o t  shown. l h e  p l o t s  
a r e  p resen ted  f o r  mean ang les  o f  a t t a c k  o f  l o " ,  12", and 15", a m p l i t u d e  o f  
o s c i l l a t i o n  o f  10" and 5". and reduced f r e q u e n c i e s  o f  0.09756, 0.09633, and 
0.151. An o v e r a l l  o b s e r v a t i o n  o f  t h e  f i g u r e s  18 t o  21 shows t h a t  t h e  moment 
loops  a r e  n o t  p r e d i c t e d  w e l l  by model A .  l h e  exper imen ta l  d a t a  shows t h r e e  
l oops .  Model A p r e d i c t s  o n l y  two loops .  S ince  t h e  a rea  o f  t h e  c u r v e  i s  p r o -  
p o r t i o n a l  t o  t h e  damping i n  t h e  system ( o r  energy d i s s i p a t e d / a b s o r b e d ) ,  s t a l l  
response cu rves  from model A may n o t  be a c c u r a t e .  For  model E ,  t h e r e  i s  a 
ve ry  good c o r r e l d t i o n  between c a l c u l a t e d  and measured r e s u l t s .  l h i s  shou ld  be 
expected  w i t h  t h i s  model, because these  loops  a r e  c u r v e - f i t t e d  t o  exper imen ta l  
d a t a  

w i t h  
mod e 

Ac>roe las t ic  Response S t u d i e s  w i t h  DyndmiC S t a l l  Models 

l h e  f o l l o w i r i g  s e c t i o n s  p r e s e n t  the  r e s u l t s  o f  t h e  response s tudy  conducted 
two s t r u c t u r a l  models, a t y p i c a l  s e c t i o n  niodel arid a p l a t e  niodel. Bo th  
s p e r f o r m  p lung ing  and p i t c h i n g  o s c i l l a t i o n s .  For a g i v e n  a i r f o i l ,  t h e  

compdrisun o f  the l i m i t  c y c l e  behav io r  w i t h  b o t h  p i t c h i n g  arid p l u n g i n g  o s c i l  
l a t i o n s  f r o m  t h e  t h r e c  dynamic s t a l l  models would have been i d e a l .  However, 
t he  moment d a t a  i s  n o t  a v a i l a b l e  f o r  N A C A  0012 f rom model C ,  f o r  a compara t i ve  
s t u d y .  l h e r e f o r e  response f r o m  p l u n g i n g  o n l y  i s  cons ide red  f o r  comparison 
purpose o f  t h e  t h r e c  dyndmic s t a l l  models. However, f o r  models A and 8, b o t h  
p l u n g i n g  and p i t c h i n g  a r e  cons ide red  arid Compared. l h e  g o v e r n i n g  equa t ions  
a r e  so l ved  by the Wi l son  e method ( r e f .  5 9 ) .  l h i s  method asSumes a l i n e a r  
v a r i a t i o n  o f  a c c e l e r a t i o n  between two t ime s teps .  l h e  method i s  an i m p l i c i t  
i n t e g r a t i o n  method arid i s  u n c o n d i t i o n a l l y  s t a b l e .  

P l y n g j n y  mot ion  o n l y .  l h e  N A C A  0012 a i r f o i l  a t  a Mach number o f  0.3 i s  
cons ide red  f o r  the numer i ca l  s tudy .  l h e  response curves  a r e  o b t a i n e d  f o r  zero  
i r i i t i d l  t o n d i t i o n s  w i t h  a t i m e  s t e p  e q i i d l  t o  u r  l e s s  thdn  t h e  l / l O t h  o f  t he  
miniinurn p e r i o d  o f  o \ c i ! l d t i o n .  l h e  v d r i d t i o n  o f  t h e  a n g l e  o f  a t t a c k  w i t h  t i m e  
i s  g i v e n  by CL = a. t h/V, where h i s  t h e  p l u n q i n g  d isp lacemer i t .  

l y p i c a l  S e c t i o n  Model 

l h e  govcrn i r ig  d i f  r e r e n t i d 1  e q u a t i o n  f o r  t h i s  case i s  e q u a t i o n  ( 3 0 ) .  l h e  
va lues  o f  t hc  pdrarr ieters i n  the  e q u d t i o n  a re ,  mass r a t i o ,  p = 16, w = 40.0 
rad /sec ,  and Oh - 55.9 rad /sec .  F i g u r e  22 shows the  v a r i d t i o n  o f  p l u n g i n g  
d i sp lacemen t  w i t h  t i m e  a t  an i n i t i a l  a n g l e  o f  a t t a c k  o f  4 . 5 "  o b t a i n e d  f r o m  t h e  
t h r e e  models.  l h e  re5ponse f r o m  t h e  t h r e c  models shows'a c o n v e r g i n g  t r e n d  
towdrds a stcdcly va lue .  F i g u r e  23 shows t h e  v a r i d t i o n  o f  p l u n g i n g  d i sp lacemen t  
w i t h  t ime  when the i n i t i d l  a n g l e  o f  a t t a c k  i s  15" .  l h e  models p r e d i c t  d i f f e r -  
e n t  b e h a v i o r .  Model A shows a sma l l  a m p l i t u d e  l i m i t  c y c l e  b e h a v i o r ,  model B 
shows a convvrged s o l u t i o n .  l h i s  i s  due t o  t h e  f a c t  t h a t  niodel B i n c l u d e s  
unsteady aerodynamic e f f e c t s ,  and hence p r e d i c t s  a h i g h e r  s t a l l  f l u t t e r  speed. 
Model C shows a h i g h  a m p l i t u d e  limit c y c l e  b e h a v i o r  s i n c e  t h e  model i l l  genera l  
o v e r p r e d i c t s  the  l i f t  fur  t h i s  a i r f o i l  as shown i n  t h e  p r e v i o u s  s e c t i o n .  
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P l a t e  Model 

E q u a t i o n  ( 4 4 )  i s  t h e  g o v e r n i n g  equa t ion  o f  m o t i o n  f o r  t h i s  case w i t h  
i = 1 .  The va lues  o f  m l ,  and 01 are  0 . 9 7 2 ~ 1 0 - ~  l b . s e c 2 / i n .  and 
999.0 rad /sec .  F i g u r e s  24 and 25 p resent  t h e  p l u n g i n g  response o b t a i n e d  f r o m  
t h e  p l a t e  model. F i g u r e  24 shows t h e  response o b t a i n e d  f r o m  t h e  t h r e e  dynamic 
s t a l l  models f o r  an i n i t i a l  a n g l e  o f  a t t a c k  o f  4 . 5 " .  A l l  t h r e e  dynamic s t a l l  
models p r e d i c t  a converg ing  s o l u t i o n .  F i g u r e  25 shows t h e  response o b t a i n e d  
f o r  an i n i t i a l  a n g l e  o f  a t t a c k  o f  15". l h e  b e h a v i o r  i s  as t h a t  p r e d i c t e d  
above f o r  t h e  t y p i c a l  s e c t i o n  model. 

l y p i c a l  S e c t i o n  Model 

l h e  gove rn ing  equa t ions  f o r  t h i s  combined bend ing  and t o r s i o n  a r e  g i v e n  
by e q u a t i o n  ( 3 2 ) .  l h e  numer i ca l  study i s  conducted f o r  t h e  f o l l o w i n g  
s t r u c t u r a l  parameters .  

l~ = 76 .0 ,  X, = 0.25, ah = -0.15, ra = 0.6229, 

Wh = 55.9 rad /sec ,  wa = 64.1 rad/sec, c h  = 0.0,  

ca = 0.0,  b = 0 .121 m ( 5 " )  

For these va lues ,  t h e  model has b o t h  i n e r t i a l  c o u p l i n g  and aerodynamic cou 
p l i n g  between the  p l u n g i n g  and p i t c h i r i g  mo t ions .  B e f o r e  s t a r t i n g  t h e  response 
a n a l y s i s ,  i t  was necessary t o  f i n d  the a e r o e l n s t i c  parameters  co r respond ing  t o  
a n e u t r a l l y  s t a b l e  c o n d i t i o n .  Hence, a c l a 5 s i c a l  f l u t t e r  a n a l y s i s  was p e r -  
formcbd i n  the  f requency  domairi by us ing  two-d i rwns  i o n d l  uns teady  aerodynamic 
t h e o r y .  I h i s  p r e d i c t e d  t h e  f l u t t e r  speed, V F ,  a s  2 7 . 4 6  m/sec (90.1 f t / s e c ) ,  
a t d  reduced f requency ,  kF, as 0.21624. 
U F ,  i s  g i v e n  by 

l h e  co r respond ing  v e l o c i t y  parameter ,  

- 3 . 3  1 3 5  * -"F 
bw 
a 

and t h i s  f l u t t e r  speed corresponds t o  a Mach number o f  0.0811. 

I n  t h e  p r e s e n t  t ime  doil ldin a n a l y s i s ,  t h e  response a n a l y s i s  was c a r r i e d  o u t  
by v d r y i r i g  U*, keep ing  t h e  va lucs  o f  o t h e r  parnmcters  c o n s t a n t .  I h e  s t a t i c  
d a t a  correspor ids t o  a N A C A  0012 a i r f o i l ,  a t  a Mdch r i m b c r  o f  0 .3  arid f(eyno1d's 
number o f  3 . 8  m i l l i o n .  I h e  s t a t i c  s t a l l  a n g l e  f o r  t h i s  a i r f o i l  i s  12".  I h e  
i n i t i a l  c o n d i t i o n s  a r e  taken as 5 '  = 0 . .  5 = O . ,  a' = 0. .  and a = 0.01 rad .  
A t i m e  s t e p  equa l  Lo o r  l c s s  thdn l / l O t h  o f  t he  minimum p e r i o d  o f  o s c i l l a t i o n  
i s  used i n  t h e  c d l c u l a t i o n s .  

F i g u r c  76a showr t h e  v a r i a t i o n  o f  p i tc .h i r ig  d i sp ldcemcn t  w i t h  t i m e  when 
t h e  a i r l o i l  i s  a t  dn i n i t i a l  ang le  o f  4 . 5 " ,  o b t a i n e d  f r o m  model A .  I t  shou ld  
be r io ted t h a t  f o r  t h i s  a n g l e  o f  a t t a c k ,  wh ich  i s  bc low t h e  s t a t i c  s t a l l  a n g l e ,  
t he  aerodynamic theo ry  i n  model A corre5ponds t o  quas i  s teady  t h e o r y .  The 
p l o t  shows t h r e e  graphs t t a t  correspond t o  
g raph co r respond ing  t o  U = 2.50, shows converg ing  o s c i  I l a t i o n s ,  whereas 

U *  = 2.50, 2 . 6 1 5  arid 2.15. The 
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t h e  one f o r  T h i s  i s  assumed t o  
be i n d i c a t i n g  n e u t r a l  s t a b i l i t y ,  s i n c e  t h e  a n g l e  o f  a t t a c k  v f r i a t i o n  f o r  t h i s  
case i s  w e l l  below t h e  s t a t i c  s t a l l  angl:. The graph f o r  U = 2.75, shows 
d i v e r g i n g  o s c i l l a t i o n s .  The v a l u e  o f  U = 2.675 i s  t aken  as t h e  one c o r -  
respond ing  t o  the  f l u t t e r  speed. T h i s  i s  21 p e r c e n t  l e s s  than  t h e  v a l u e  p r e -  
d i c t e d  f r o m  unsteady t h e o r y ,  showing t h a t  q u a s i - s t e a d y  t h e o r y  u n d e r p r e d i c t s  
t h e  f l u t t e r  speed. F i g u r e  26b shows t h e  v a r i a t i o n  o f  p l u n g i n g  d i sp lacemen t  
w i t h  t i m e .  I t  e x h i b i t s  t h e  same b e h a v i o r  as t h e  p i t c h i n g  d i sp lacemen t .  

U* = 2.675, shows s i n u s o i d a l  o s c i l l a t i o n s .  

F i g u r e  27 shows t h e  response curves  o b t a i n e d  f r o m  model B f o r  t h e  same 
s t r u c t u r a l  parameters and f o r  t h e  same i n i t i a l  a n g l e  o f  a t t a c k .  I t  shou ld  be 
n o t e d  t h a t  t h e  unsteady parameters (be low s t a l l )  a v a i l a b l e  f o r  NACA 0012 a t  a 
Mach number o f  0.3 a r e  used i n  t h e  response c a l c u l a t i o n .  F i g u r e  27a shows two 
g iaphs  t h a t  correspond t o  U* = 3.17, and 3.18. 
U = 3.17, shows converg ing  o s c i l l a t i o n s ,  whereas t h e  one f o r  U = 3.18, 
shows d i v e r l i n g  o s c i l l a t i o n s  i n d i c a t i n g  i n s t a b i l i t y  o f  t h e  mo t ion .  
v a l u e  o f  U = 3.175 cor responds t o  f l u t t e r  speed. T h i s  i s  6 p e r c e n t  l e s s  
than  t h e  v a l u e  p r e d i c t e d  f r o m  unsteady t h e o r y  i n  t h e  f requency  domain. 
F i g u r e  27b shows the  v a r i a t i o n  o f  p l u n g i n g  d i sp lacemen t  w i t h  t i m e  f o r  t h e  same 
parameters  as above. I t  e x h i b i t s  t h e  same behav io r  as t h e  p i t c h i n g  
d i sp lacemen t .  

The graph c o r r e z p o n d i n g  t o  

Hence t h e  

F i g u r e s  28 and 29 show t h e  response curves  o b t a i n e d  f r o m  models A and B 
f o r  an i n i t i a l  angle o f  a t t a c k  o f  15".  T h i s  i s  above t h e  s t a t i c  s t a l l  a n g l e  
o f  1 2 "  f o r  N A C A  0012. The o t h e r  parameters used i n  s t a l l e d  a i r l o a d s  c a l c u l a .  
t i o n  a r e  Re = 3.8 m i l l i o n  and Mach number = 0.3. 

F i g u r e  28 shows t h e  v a r i a t i o n  o f  p i t c h l n g  d i sp lacemen t  w i t h  t i m e  when t h e  
a i r f o i l  i s  a t  an i n i t i a l  a n g l e  o f  15".  F i g u r e  28a i s  t h e  response curv: 
o b t a i n e d  f r o m  model A .  The p l o t  shows two graphs t h a t  cor respond t o  U 
equa l  t o  0.1 and 0.2. Bo th  t h e  graphs show t h a t  t h e  t r a n s i e n t s  (due t o  non- 
ze ro  i n i t i a l  a c c e l e r a t i o n  and nonzero i n i t i a l  d i sp lacemen t )  d i e  o u t  i n  a 
c e r t a i n  amount o f  t i m e  and then  t h e  o s c i l l a t i o n  s t a r t s  g row ing  i n d i c a t i n g  
u n s t a b l e  o s c i l l a t i o n s .  I t  i s  seen f r o m  f i g u r e  28a t h a t  t h e  t i m e  f o r  t h e  
t L a n s i e n t s  t o  d i e  o u t  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  v e l o c i t y  parameter,  
U . Response curves genera ted  w i t h  zero  i n i t i a l  c o n d i t i o n s  ( z e r o  v e l o c i t y  
and ze ro  d isp lacen ien t ) ,  n o t  shown he re ,  i n d i c a t e d  t h a t  t h e  o s c i l l a t i o n s  s t a r t  
t o  d i v e r g e  immedia te ly .  !his i n d i c a t e s  t h a t  f l u t t e r  beg ins  e s s e n t i a l l y  a t  
ze ro  speed compared t o  U = 2 .75  a t  an i n i t i a l  a n g l e  o f  4 . 5 " .  However, 
t h i s  p h y s i c a l l y  unreasonable r e s u l t  i s  n o t  s u r p r i s i n g ,  s i n c e  t h i s  model d i d  
n o t  p r e d i c t  t h e  moment loops  c o r r e c t l y  f o r  t h i s  a i r f o i l  wh ich  r e s u l t e d  i n  
n e g a t i v e  damping. 

F i g u r e  28b i s  t he  response c u r v e  o b t a i n e d  f r o m  model 6, f o r  t h e  same 
s k r u c t u r a l  and aerodynamic p a r t m e t e r s .  
U = 0.45 and the  o t h e r  f o r  U = 0 .5 .  The graph f o r  U = 0.45 skows decay- 
i n g  o s c i l l a t i o n s  i n d i c a t i n g  s t a b l e  o s c i l l a t i o n s .  l h e  graph f o r  U = 0.5 shows 
t h a t  t he  a i r f o i l  1s s e t  i n t o  a l i m i t  c y c l e  b e h a v i o r .  l h e  decay o f  t h e  t r a n s i -  
e n t  and t h e  mot ion  b e i n g  s e t  i n t o  a l i m i t  c y c l e  i s  more c l e a r l y  seen he re ,  
compared t o  t h a t  shown i n  f i g u r e  28a o b t a i n e d  from model A .  The c r i t i c a l  
s t a l l  f l u t t e r  speed corresponds t o  
va lues .  T h i s  i s  85 p e r c e n t  r e d u c t i o n  i n  f l u t t e r  speed compared t o  3.175 a t  an 
i n i t i a l  a n g l e  o f  4 . 5 " .  

l h e  p l o t  shows t y o  graphs, one f o r  

U* = 0.475, t h e  average o f  t h e  above two 
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F i g u r e  29 shows t h e  v a r i a t i o n  o f  p l u n g i n g  d i sp lacemen t  w i t h  t ime ,  and i t  
shows t h e  same v a r i a t i o n  w i t h  t i m e  as p i t c h i n g  m o t i o n  f o r  b o t h  t h e  models. 

P l a t e  Model 

l h e  response o f  t h e  p l a t e  i s  analyzed u s i n g  normal modes. l h e s e  normal  
modes a r e  o b t a i n e d  f rom a N A S l H A N  a n a l y s i s .  l h e  p l a t e  i s  3 i n .  i n  l e n g t h ,  
1 i n .  i n  w i d t h  cho rd )  and 0.05 i n .  t h i c k .  The m a t e r i a l  d e n s i t y  i s  

l h e  a n a l y s i s  used QUAD4 elements.  I n  t h e  p r e s e n t  s tudy ,  two normal modes a r e  
used i n  t h e  a n a l y s i s .  For t h i s  problem, t h e  f i r s t  and second normal modes a r e  
e s s e n t i a l l y  t h e  f i r s t  bend ing  and the  f i r s t  t o r s i o n  modes. From t h e  NAS'IHAN 
a n a l y s i s ,  t h e  f i r s t  two g e n e r a l i z e d  masses a r e  0 . 9 7 2 0 ~ 1 0 - ~  l b  s e c 2 / i n .  and 
0 . 1 6 1 ~ 1 0 -  
and 5860.55 rad /sec .  The NACA 0012 a i r f o i l  a t  Mach number 0.3 i s  cons ide red  
f o r  t h e  a e r o u l a s t i c  s tudy .  l h e  govern ing  equa t ions  o f  m o t i o n  a r e  g i v e n  by 
e q u a t i o n  41. l h e  response i s  c a l c u l a t e d  w i t h  t h e  f o l l o w i n g  i n i t i a l  c o n d i t i o n s :  

= 0 . 0  and q2  = 0.01, where q1 and q r e p r e s e n t  t h e  f i r s t  two 

normal c o o r d i n a t e s  and q1 and q 2  t h e i r  d e r i v a t i v e  w i t h  nond imens iona l  t i m e .  

l h e  v a r i a t i o n  o f  t h e  normal coo rd ina tes  w i t h  t i m e  i s  shown i n  f i g u r e s  30 t o  33. 

2 . 6 ~ 1 0 - 4  l b  sec h / i n 4 ,  Young's modulus 7 . 8 9 ~ 1 0 6  l b / i n 2  and Po isson ' s  r a t i o  0.3.  

l b  sec2 / in . ,  and t h e  cor respond ing  f r e q u e n c i e s  a r e  999.2 rad /sec  

I I 

91 = 91 = 92 2 
I I 

F i g u r e  30 shows t h e  v a r i a t i o n  o f  t h e  f i r s t  normal c o o r d i n a t e  ( t h e  f i r s t  
bend ing  mode) w i t h  t i m e  when t h e  f l o w  i s  approach ing  t h e  p l a t e  a t  an i n i t i a l  
a n g l e  o f  a t t a c k  o f  4.5". S ince  t h e  i n i t i a l  a n g l e  o f  a t t a c k  i s  be low s t a t i c  
s t a l l  a n g l e  (12"  f o r  t h i s  a i r f o i l ) ,  the response i s  a q u a s i - s t e a d y  response 
f o r  model A .  Both  models p r e d i c t  the same q u a l i t a t i v e  behav io r ,  even though 
model B p r e d i c t s  a s l i g h t l y  lower ampl i tude due t o  uns teady  e f f e c t s  i n c l u d e d  
i n  t h e  model. l h e  response i s  seen t o  decay i n d i c a t i n g  an approach t o  s teady  
d i sp lacemen t .  F i g u r e  31 shows t h e  v d r i a t i o r i  o f  t h e  second normal c o o r d i n a t e  
( f i r s t  t o r s i o n )  w i t h  t i m e  a t  t h e  same i n i t i a l  a n g l e  o f  a t t a c k .  l h e  response 
a g a i n  secn converg ing  t o  a s teady  value. 

F i g u r e s  32 and 33 show the  v a r i a t i o n  o f  F i r s t  and second rlorrndl c o o r d i  
na tes ,  r e s p c c t i v e l y ,  w i t h  t ime when the i i i i t i d l  a n g l e  o f  a t t a c k  i s  15'. wh ich  
i s  above t h e  s t a t i c  s t a l l  a n g l e .  both riiodcls p r e d i c t  a d i v e r g i Q g  type of 
o s c i l l a t i o n .  l h i s  medns Lhdt the  p l d t e  i s  u n s t a b l e  f o r  t h i s  i n i t i a l  a n q l e  o f  
a t t a c k .  F u r t h e r  i n v e s t i y d t i o n  i s  r e q u i r e d  t o  p r e d i c t  t he  s t a l l  f l u t t e r  bound 
a r y  f ron i  b o t h  models w i t h  o t h e r  i n i t i a l  ang les  o f  a t t a c k  v a r y i n g  f r o m  4.5" t o  
15".  Howevcr, i t  can be r ioted f rom p rev ious  s e c t i o n s  t h a t  model B p r e d i c t s  a 
h i g h e r  i n i t i a l  anyle  of a t t a c k  than  model A f o r  the  p l a t e  t o  become u n s t a b l e .  

D I S C U S S I O N  OF A D V A N C L D  l U K B O P K O P  A P P I . I C A I I O N  

l h e  theo ry  and t h e  computer program p resen ted  i n  t h i s  r e p o r t  can be 
d i r e c t l y  a p p l i e d  t o  p r e d i c t  t h e  response o f  an advanced tu rboprop  w i t h  dynamic 
s t a l l .  However, p roper  b l a d e  d a t a  for t h e  advanced t u r b o p r o p  a i r f o i l  i s  
needed. F i g u r e  34 shows t h e  a i r f o i l  s e c t i o n  d i s t r i b u t i o n  f o r  SR2 advanced 
t u r b o p r o p .  l h e  t h i c k f i e i s  r a t i o  ( t / b ) ,  t w i s t  (AD), d e s i g n  l i f t  c o e f f i c i e n t  
( c [ D ) ,  and p l a n f o r m  ( b / D )  d i s t r i b u t i o n  were e s t a b l i s h e d  t o  p r o v i d e  f o r  h i g h  
e f f i c i e n c y .  
4 5  p e r c e n t  r a d i u s  p o r t i o n ,  and 65 se r ies  w i t h  c i r c u l a r  a r c  (CA) camber l i n e s  

l h e  a i r f o i l  s e c t i o n s  used a r e  NACA 16 s e r i e s  f r o m  t i p  t o  t h e  
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f r o m  37 p e r c e n t  rad ius  t o  t h e  r o o t  w i t h  a t r a n s i t i o n  f a i r i n g  i n  between. 
l h e s e  a i r f o i l s  have been chosen f o r  t h e i r  h i g h  c r i t i c a l  Mach number and wide, 
l o w  d r a g  bucke ts .  
a number o f  a i r f o i l s  a l o n g  t h e  r a d i u s .  

T h i s  n e c e s s i t a t e s  g e n e r a t i o n  o f  s t a t i c  and dynamic d a t a  f o r  

l h e  o p e r a t i n g  c o n d i t i o n s  o f  t h e  advanced t u r b o p r o p  i n d i c a t e  t h a t  t h e  
advanced turboprop b lades a r e  s u b j e c t  t o  h i g h  f requency,  low a m p l i t u d e  o s c i l -  
l a t i o n s .  T h i s  i s  a f a v o r a b l e  c o n d i t i o n  f o r  l i g h t  dynamic s t a l l ,  s i n c e  t h e  
p e n e t r a t i o n  o f  the a i r f o i l  i n t o  s t a l l  i s  s m a l l ,  and t h e  d u r a t i o n  i n  t h e  s t a l l  
c o n d i t i o n  i s  s m a l l ,  even when i t  i s  o p e r a t i n g  a t  s t a t i c  s t a l l  ang les .  l h i s  
does n o t  a l l o w  the boundary l a y e r  t o  reach  t h e  l e a d i n g  edge o r  t h e  f o r m a t i o n  
o f  a v o r t e x  l i k e  d i s t u r b a n c e .  l h i s  i m p l i e s  t h a t  models A and C may p r e d i c t  
t h e  s t a l l  behavior  o f  advanced t u r b o p r o p  reasonably  w e l l .  A l s o  as ment ioned 
i n  e a r l i e r  sec t i ons ,  model C has been f o r m u l a t e d  under t h e  assumption o f  sma l l  
a m p l i t u d e .  From the t h e o r e t i c a l  a n a l y s i s  p o i n t  o f  v iew, b o u n d a r y - l a y e r  meth- 
ods, r a t h e r  than  f u l l  Nav ie r -S tokes  s o l u t i o n s  may be s u f f i c i e n t  f o r  advanced 
t u r b o p r o p  a p p l i c a t i o n .  However, i t  should be c a u t i o n e d  t h a t  l i g h t  dynamic 
s t a l l  i s  v e r y  s e n s i t i v e ,  t o  a i r f o i l  shape, p a r t i c u l a r l y ,  and t o  t h e  l e a d i n g  
edye r a d i u s .  Depending on t h i s  r a d i u s ,  t h e  f l o w  may separa te  a t  t h e  l e a d i n g  
edge and may r e s u l t  i n  deep s t a l l .  l t  i s  Wor thwh i l e  h e r e  t o  men t ion  the  con- 
c l u s i o n s  drawn f r o m  an exper imen ta l  s tudy  o f  s t a l l  f l u t t e r  c h a r a c t e r i s t i c s  o f  
NACA 16 s e r i e s  i n  r e f e r e n c e  60.  The s tudy  i n d i c a t e d  t h a t :  ( 1 )  an i n c r e a s e  i n  
camber, t h i ckness  r a t i o  o r  d e s i g n  l i f t  c o e f f i c i e n t  i n c r c a s e s  t h e  s t a t i c  s t a l l  
ang le ,  ( 2 )  an i nc rease  i n  l e a d i n g  edge r a d i u s  o r  i n  t h e  droop hds a s l i g h t l y  
d e t r i m e n t a l  e f f e c t  on s t a l l ,  and ( 3 )  an a d d i t i o n  o f  t r a i l i n g  edge camber 
i nc reases  normal f o r c e  c o e f f i c i e n t  b e f o r e  s t a l l .  

An e x t e n s i v e  l i t e r d t u r e  search has fourid t h a t  no s t a t i c  d a t a  a t  and 
beyond s t a l l  and no dynamic d a t a  e x i s t s  f o r  16 s e r i e s  a i r f o i l .  tience t h e  
f o l l o w i n g  procedure i s  recommended t o  o b t a i n  s t a t i c  and t h e  dynamic d a t a  t o  
use f o r  advanced turboprop a n a l y s i s .  Generate t h e  steady d a t a  and a s i n g l e  
d y r i m i c  l oop  data f o r  a r e p r e s e n t a t i v e  N A C A  16 s e r i e s  a i r f o i l  u s i n g  N a v i e r -  
Stokes s o l u t i o n  methods ( r e f .  1 1 ) .  Then deve lop  t h e  O N L H A  dynamic s t a l l  model 
f r o m  t h e  d a t a  obta ined f r o m  t h e  Nav ie r  Stokes code. Use t h i s  ONEHA N a v i e r -  
Stokes model t o  c a l c u l a t e  the  s t a l l  inducc:d loads a t  a l l  s e c t i o n s  a l o n g  the  
r a d i u s  when the angle o f  a t t a c k  exceeds the s l a t i c  s t a l l  a n g l e .  l h c n  compare 
t h c  response 0 1  the ddvariced t u r b o p r o p  obtd i r ied f rom t h e  ONkHA N a v i e r  Stokes 
dyridmic s t a l  1 model, and model A .  

SUMMARY AND CONCLUSlONS 

l h r c e  dynamic s t a l l  models a r e  compared f o r  performance arid easy i m p l e -  
mcr i ta t ior i .  The response of a t y p i c a l  s e c t i o n  model arid a p l a t e  model a r e  
s t u d i e d  f o r  these s t a l l  models. 'Ihe procedure and t h c  computer program can be 
d i r e c t l y  uscd t o  analyze t h e  response o f  advanced tu rboprops  w i t h  dynamic 
s t a l l .  

l n  summary: 

1 .  A 1  1 t h r c c  dynamic s t a l  1 models a r e  implemented i n  a computer program 
and t h e  program i s  checked o u t .  
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2. A l l  t h r e e  dynamic s t a l  
c u l a t e  l i f t  and where p o s s i b l e  
these  models i n  p r e d i c t i n g  t h e  

3. S t a l l  f l u t t e r  response 
models and two s t r u c t u r a l  mode 

mode 
momen 
s t a l l  

i s  ca 
5 .  

s a r e  a p p l i e d  t o  a s i n g l e  a i r f o i l  t o  c a l -  
l oops ,  and t h e  s t r o n g  and weak p o i n t s  o f  

behav io r  a r e  i d e n t i f i e d  and d i scussed .  

c u l a t e d  by u s i n g  a l l  t h r e e  dynamic s t a l l  

l u t t e r  a n a l y s i s  code f o r  advanced t u r b o  

awn f rom t h i s  s t u d y :  

an advanced t u r b o p r o p  f a v o r s  t h e  cond i  

4 .  A f o r m u l a t i o n  f o r  t h e  s t a l l  
p r o p  i s  suggested. 

l h e  f o l l o w i n g  c o n c l u s i o n s  a r e  d 

1.  l h e  o p e r a t i n g  environment o f  
t i o n  o f  l i g h t .  s t a l l , - w h e r e  t h e  vo r tex  induced loads a r e  n o t  v e r y  severe.  
l h e r e f o r e ,  s imp le  dynamic s t a l l  models l i k e  model A and model C can be used 
f o r  advanced tu rboprop  a p p l i c a t i o n .  

2.  The ONLHA model, model C ,  i n v o l v e s  fewer parameters i n  model ing the 
dynamic s t a l l  model t han  t h e  syn thes i s  procedure,  model 6. Model A i n v o l v e s  
o n l y  one e m p i r i c a l  parameter b u t  must be t e s t e d  f o r  advanced tu rboprop  a i r  
f o i l s  and h i g h  f requency low ampl i tude o s c i l l a t i o n s  t h a t  occur  i n  advanced 
t u r b o p r o p s .  

3 .  l h e  d i f f e r e n t i a l  f o rm o f  t he  ONLKA model suggests t h a t  i t  c o u l d  be 
used i n  a l i n e a r i z e d  s t a b i l i t y  a n a l y s i s .  
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APPENDIX  A 

AtKOtLAS'I I C  €-QUA1 l O N S  W l l H  O N t K A  DYNAMIC SlALL MODEL (MOD€.L C )  

l h i s  appendix p resen ts  the  s t a t e  v e c t o r  f o rm o f  t h e  combined s t r u c t u r a l -  
s t a l l  model f o r  a t y p i c a l  s e c t i o n  model and a p l a t e  model w i t h  ONEHA dynamic 
s t a l l  model (model C ) .  

A . l  l y p i c a l  S e c t i o n  Model 

l h e  govern ing equa t ions  o f  t he  t y p i c a l  s e c t i o n  a r e  g i v e n  by e q u a t i o n  ( 3 2 ) .  
and can be w r i t t e n  as ( w i t h  m u l t i p l i c a t i o n  f a c t o r s  absorbed i n t o  t h e  
m a t r i c e s )  ' 

where a i s  t h e  ang le  o f  a t t a c k ,  and o p e r a t o r  ( ) I  i n d i c a t e s  d e r i v a t i v e  
w' l th respec t  t o  f ( =  a t ) .  t 

From ONF-KA f o r m u l a t i o n ,  C Q  and Cmc/4  a r e  g i v e n  by equat ions  (20c)  
and ( 2 0 f )  as 

a C 

C 
mc /1 

1 .o  

0.0 

0.0 

0 .0  

0.0 

1 .o  

1-1 \ C 

I 

\ 'M2 

( A . l  . 2 )  

S u b s t i t u t i r i g  equat ion  (A.1 . 2 )  i n  equa t ion  ( A . l  . l ) ,  we o b t a i n  

'Note 1 :  ap i s  the  p i t c h i n g  degree o f  freedom, s u b s c r i p t  p i s  used t o  
d i s t i n g u i s h  i t  from a, the  i ns tan taneous  a n g l e  o f  a t t a c k .  
Note 2: l h e  t r a n s f o r m a t i o n  f rom t h e  o p e r a t o r  ( ) *  t o  ( ) I  i s  ( ) *  = k ( ) ' ,  
where k = -, (3 = r e f e r e n c e  f requency ,  b i s  s e m i - c h o r d  and V j s  r e f e r e n c e  
v e l o c i t y .  
Note 3: 
a c t u a l  l i f t  and rnoirient. 

wb 
V 

l h e  m u l t i p l i c a t i o n  f a c t o r s  i n c l u d e  0.5 pV2c and 0.5 pV2c2  t o  y e t  
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L e t  

I - C O S  a 

(a,, t 0.5)COs a 

1 .o  

0.0 

1 .0  0.0 0 .0  

0.0 0.0 1 . 0  

0.0 

0 .0  

I I 

I- I C 

5 2 

I 

2 

cM2 

I 

'M2 

O e O  0.0 O e O  1 . 0  O e 0 I  0.0 

( A . 1  . 3 )  

I I 2 It 
t sMko t u a k t rMk 0 'MI = 'MQ M 



I1 M r ’M I t - - c  + . ; - c  
‘M2 k M2 kl M2 

( A . 1  . 5 )  

where subscr ip ts  L and M a r e  used t o  i n d i c a t e  l i f t  and morneril c o c f  f i c i c r i l s .  

Cornbining equat ions ( A . l . 4 )  and ( A . 1 . 5 )  and w r i t i n g  i t  i n  $ t c i t e  vcc.lor 
f o r m ,  wc o b t a i n  

I 

E 
l 

a 
P 

I1 

E 

I1 

a 

I 

C L 1  

cL2 

c L 2  

} =  
I 

I1 

I 

‘M2 

11 

‘M2 
\ I 

-;L - 0.0 0.0 

0.0 0.0 1 . 0  [O] 

-r -a L L  0 . 0  - - 
k 2  

0.0 1.c 

E 

a 
P 

I 

E 

I 

a 

I 

CL1 

‘L2 

‘L2 
I 

‘M2 

I 

‘M2 

I 

0.0 

0.0 

( A . l  .€I) 

( A .  I .  / )  
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A.2  P l a t e  Model (Cont inuum Model)  

The g o v e r n i n g  equa t ions  o f  motion, f o r m u l a t e d  i n  terms o f  normal c o o r d i -  
na tes ,  a r e  g i v e n  by e q u a t i o n  4 4  as 

i = 1,2, ... NM (A.2.1) 2 mii i  t mioiqi = Qi 

where m i ,  a i ,  q j ,  Q i  a r e  r e s p e c t i v e l y  t h e  g e n e r a l i z e d  mass, c i r c u l a r  f r e -  
quency, normal c o o r d i n a t e ,  g e n e r a l i z e d  f o r c e  i n  
t h e  number of  normal modes used i n  the a n a l y s i s .  

i t h  normal mode, and NM i s  

The g e n e r a l i z e d  f o r c e ,  Qi, i s  g iven by t h e  f o l l o w i n g  e q u a t i o n  

(A.2.2) 

where L ( y , t )  and M ( y , t )  a r e  t h e  normal f o r c e  and p i t c h i n g  moment a t  y a t  
t i m e  t, !l i s  t h e  l e n g t h  o f  t h e  p l a t e ,  h i  and a i  a r e  t h e  normal modes i n  
p l u n g i n g  and p i t c h i n g  i n  i t h  mode. 

L e t  t h e  p l a t e  be d i v i d e d  i n t o  N number o f  segments. Then Qi can be 
e v a l u a t e d  as 

( A .  2.3) 

where j i n d i c a t e s  t h e  j t h  segment, d Y j  i s  t h e  l e n g t h  o f  t h e  jth 
segment, h i ( Y j )  arid a i (Y i )  a r e  the normal modal va lues  a t  s t a t i o n  
Y j .  Equa t ion  ( A . 2 . 1 )  f o r  NM normal modes can be w r ' r t t e n  as 

[ M I I b ' l  + [ K l { q l  = { Q l  

where 

r 2  2 2 2 
[ K ]  = mlO1, m2W2, . . . m,o . . .m o 

I i' MN NMJ [ M I  = hl,  m2, . . . mi, . .. mNMJ , 
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Number o f  segments 
c 

X 

2N * 1 

NM 2N 

( A . 2 . 4 . 1 )  

o r  

I Q I  - [ B ~ I ~  ( A . 2 . 4 . 7 )  

Ihe  lift and nionlerit a t  c\ach Se(Jm(:nt a r e  reldted t o  t h e i r  c o e l f i c i e n t s  as  
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M1 

L2 

M2 

t - 

0 0 

O 1 5 2 1  O 0 

0 0 O p 5 4  

" Q l  

ml C 

Q 2  C 

m 2  C 

Qj 

m j  

C 

C 

Q h  

n i h  

lhe c o e f f i c i e n t s  C Q ~ ,  C m l ,  ... C Q j ,  C n l j  
g i v c n  by 

o f  each seynien t a r e  

- Q l  

" m l  

"Q2 

Cm2 

k j  

m j  

C 

C 

er 

mil c 

z 2 

j 
z 

N z 

(A.2.5) 

( A .  2 . 6 )  
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o r  

where Z = {Z,, Z2, . . . Z 3 ’  ... ZN} and {Zj} = (‘l-1’ ‘1.2’ ‘;-2’ ‘M2’ ‘;2} j’ 

Here A 5  and B5 a r e  t h e  A 5  and B5 m a t r i c e s  o f  jth segment d e f i n e d  
4 
J J 

e a r l i e r  i n  Sec t i on  A . l .  l h e  v e c t o r  Z j  i s  g i v e n  by e q u a t i o n  A.1 .5  f o r  each 
segment. 
e q u a t i o n  A.2.1, and w r i t i n g  i n  s t a t e  v e c t o r  form, t h e  f i n a l  equat’ lons a r e  
g i v e n  by A . 2 . 7 ,  g i v e n  below. 

S u b s t i t u t i n g  f r o m  equa t ions  A . l . 5 ,  A.2.6, A.2.5, A.2.4 i n t o  



z 
J 
1 

“7 

n 
Lo 

m 

- 
Y 
0 

- 
d 
0 

I N Z  
0 0 0 0 7 1 ’  

I N N  
0 0 0 0 7 1 s  

0 0 0 0 & I 2 4  S N N  
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kN a r e  t h e  Values o f  t h e  reduced f requency  f o r  
each segment. l h e  t h e  m a t r i x  i s  ( 2  x NM t 5 N ) .  
where kl , k 2 ,  . , . 
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APPENDIX  B 

D Y N A M I C  SlALL O A l A  F O R  MODEL B AN0 MOOEL C 

l h i s  appendix  p resen ts  t h e  dynamic s t a l l  d a t a  f o r  model B and model C 
t h a t  i s  used i n  g e n e r a t i n g  t h e  h y s t e r e s i s  loops  f o r  t h e  NACA 0012 a i r f o i l .  
]he Mach number i s  0 .3  and t h e  Reynold 's  number i s  3 . 8 ~ 1 0 6 .  

Model B:  l h e  f o l l o w i n g  da ta  corresponds t o  d a t a  s e t  number 2 i n  
r e f e r e n c e  38 genera ted  th rough s y n t h e s i z a t i o n  method. l h e  va lues  o f  t h e  
parameters appear ing  I n  equat ions  16 t o  19 a r e  g i v e n  below: 

a s s  = 12"  

P l / r a d  = 17.988, P2/rad = 2.410, P3 = -0.1661 

Q l / r a d  = 1.8347, Q2/rad = 0.2123, Q3 = -0.0307, Q4 = -0 .0966,  
Q5 = 0.7754, Qg/rad = 2.842, Q l / rad / rad  .= 7 . 5 5 1  

t13 = -0 .0035,  rl 4 / rad  = - 0.0082, 11 1 / rad  = -1.782, n 2 / rad  = -0 .191,  

n- / r ad / rad  = - 6.354 I rl / r ad  = - 1.405, 6 v 5  = 0.3462, 

- - 
E = 0.125, CAm = 3.64, Cw, = -0.05, C A t  = 0.084, C a t  = 0.0073, 
C A R  = 'I .790, 

- - 
C,R = -0 .743.  

Model C:  Reference 58 generated t h e  l i f t  h y s t e r e s i s  l oop  f o r  NACA 0012 
a i r f o i l  u s i n g  a s i n g l e  exper imenta l  loop .  l h e  va lues  o f  t h e  parameters 
appear ing  i n  e q u a t i o n  20 a r e  g i v e n  as 

h = 0.2,  s = 0.09, u = 0.080 0.13hCl- 
C1.e = -0 .01  b 0.114 a 

CLS = CLR, 
C1-s -0 .01 + 0.114 a . 0.013 ( a  - 10. )2 10" 5 a 5 14" 
C1-s = 1.378 t. 0.418 ( e - 1 * 5 ( a - 1 4 )  - 

a 5 10" 

1) a > 1 4 "  
2 * = 0.20 f o . l o A c L  

2 a = 0 .25  O.lObCL 

/ICL = C - C 
2 
I- I- Q I.. s E = -0.07AC , 

Td ( s t a l l  d e l a y )  = 10, (/IC1 = 0.208 + 0.0104 ( a - 1 4 ) )  
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A P P € N D l X  C 

AIRIOZL S l A l l C  D A l A  

I n  t h i s  r e p o r t  t h r e e  a i r f o i l s ,  namely OA212, NACA 0012, NACA 0012(MOD), 
a r e  used f o r  t h e  a e r o e l a s t i c  response s tudy  w i t h  dynamic s t a l l .  For  complete-  
ness, t h e  s t a t i c  da ta  o f  t h e r e  a i r f o i l s  a r e  p resented  below. l h e  d a t a  f o r  
OA212 is: presented  i n  po l ynomia l  form, and f o r  NACA 0012 and NACA 0012(MOD), 
t h e  da ta  i s  g i v e n  i n  t a b u l a r  form.  

OA212 a i r f o i l :  Mach number = 0 .3 

L i f t  c o e f f i c i e n t  

a = 10" 

cLQ 180 

180 

5 5  
7r 

= 7.1  a 

= 7.1 - .- a 
ll 

< a < a  ) ( -  O s s  5 5  

d o  = 1 . 2 4 ,  ii1 = 0.124, 132 - . 0.063059/ ,  a3 = 0.01395201, 
a4 -0.0017390851, a 5  0.0001245913, ab = - 4 . 6 8 4 2 9 3 5 ~ 1 0 - 6 ,  
a7 = 7 .081913xl0 8 

For ar ig lcs g r e a t e r  t han  26" ( o r  < % 6 " ) ,  t h i s  po lynorn ia l  d i v e r g e s .  
l h e r e f o r e ,  beyond, ] a ]  > % 6 " ,  a c o n s t a n t  va lue  o f  l . Z b  i s  used. 

Mornertt coefficient 

where E, = 0.006, p = -0 .0014 .  Ihe d i t f e r e n c e  i n  the  l i n e a r  e x t e n s i o n  and 
t r u e  s t a t i c  nionicnt, ACM, i s  g i v e n  below:  

L e t  01 : 6".  02 = 13", 03 = 14.6" ,  04 = 20". Max = 0.0155 and Min = - 0 . 0 5 6 .  
l h c n  f o r  ar ig lc  o f  a t t a c k ,  Q ,  

4 %  



ACM = --Max - e (a -  e2) t 3Max t ( 2 r t q - p )  ( 03- 0 2 )  * 1 between e2 and o3 

' O4 

N A C A  OO12(MOO) a i r f o i l :  l h e  data i s  p resented  f o r  two Mach numbers. 
l h e  C Q  and Cmc/4 w i t h  a a r e  given i n  a, C Q  ( o r  Cmc-4) p a i r s .  ass 
i s  s t a t i c  s t a l l  ang le ,  d o l  i s  l i f t  curve s lope,  and a,, i s  moment c u r v e  
s l o p e .  a i s  i n  degrees, C Q  and Cmc-1 a r e  p e r  degrec .  

l h e  f o l l o w i n g  s t a t i c  d a t a  i s  f o r  a Mach number o f  0 .4 .  

ass = 9", aoa = 6.6463/rad, dom = 0. 

Data CQ/(O.O, O.O), (1 .74,  .196) ,  (3.65, .414) ,  (5 .55,  . 6 5 / ) ,  (7 .56 ,  .891) ,  
(9 .48,  1 .081) .  (11.31, . 9 5 / ) ,  (13.35, .853), (15.15, .812) ,  (19 .08 ,  .951),  
(23.94, 1.057) 

Data L ~ - / ~ / ( O . ,  0.). (1 .74,  . .018) ,  (3 .65,  .013) ,  (5 .55,  - . 016 ) ,  
( 7 . 5 6 ,  - . 0 0 1 ) ,  (9.48, -O.O02), (11.37, - . 096) ,  (13 .35 ,  - . 1 2 6 ) ,  (15.15, 
- . 1%7) ,  (19.08, - . 152) ,  (23 .94 ,  . l H % )  

l h e  f o l l o w i r i g  s t a t i c  d d t a  i s  f o r  a Mach number o f  0 . 6 .  

QSS -: 5.h0 ,  aoQ = 8 .48/ rad,  aOn, : 0 .  

Da t a  C Q / (  0.0,  0 .0) .  ( 1 . 6 5 ,  .%56) ,  (3.54, .536) ,  (4 .51,  . 6 / 9 ) ,  (5 .6 ,  .768) ,  
(7 .41,  .889) ,  (9 .34,  .921) ,  (11.26, .939) ,  (14.96,  l . O / l ) ,  (18.12, 1 .025) .  
( 18.86, 1.042) 

Dsta cnmc/4/(0.0,  0 . ) .  (1 .65 ,  0 . ) ,  (3.54, - . 001 ) ,  (4 .51,  .006) ,  ( 5 . 6 ,  .008) ,  
(7 .44,  - . 013 ) ,  (9 .34,  - . 0 5 3 ) ,  (11.26, .058) ,  (14.96, - . 1 2 3 ) ,  (18.12, - . 1 2 / ) ,  
(18.86,  .134) ,  (40 . ,  - .134) 

N A C A  0012 a i r f o i l :  l h e  d a t a  i s  p resented  f o r  two Mach numbers. The C Q  
and Cmc-4 w i t h  a a r e  g i v e n  i n  a, C Q  ( o r  Cmc/4) p a i r s .  a s s  i s  s t a t i c  
s t a l l  a n g l e ,  a,% i s  l i f t  c u r v e  slope, and a0m i s  moment c u r v e  s l o p e .  Q i s  i n  
degrecs.  C Q  and Cmc/4 a r e  p e r  degree. 

I h e  f o l l o w i n g  s t a t i c  d a t a  i s  f o r  a Mach number o f  0.3.  

a s s  7 12",  aoQ .= 6.30251/rdd, aom = 0. 
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Data cp, / (O. ,  O . ) ,  ( . 5 ,  .05695),  ( l . ,  .1139),  (2 .0 ,  . 7 % 1 ) ,  ( 4 . .  .452),  ( 5 . ,  
.5h3), ( 6 . ,  . 6 / 2 ) ,  ( 8 . .  . 883) ,  ( 9 . ,  . 9 8 3 ) ,  ( l o . ,  1 . 0 1 9 ) .  (11. .  1 .168) .  
(11.5,  1 .209) ,  ( I Z . ,  1.246).  (12.5,  l . 2 / 5 / ) ,  ( l 3 . ,  1.293).  ( 1 3 . 5 ,  1 . 7 8 ) .  
( l 4 . ,  1 .%29) ,  ( 1 4 . 5 ,  1 . 1 3 / 6 ) ,  (15 . ,  1 .066) .  (15.5,  1 .0343) .  ( 1 6 . .  1 . 0 0 9 / ) ,  
( 1 / . ,  . 9 2 5 5 ) ,  (19 . ,  . 9 3 6 9 ) ,  ( 2 l . ,  .948)  

Data c m c / 4 / (  0.. 0 . ) .  ( 1  . , .00002) ,  (2 .0 ,  . O O O O I )  , ( 4 . ,  .OOOO5 I ) , ( 5 . ,  .O000:3?), 
( 6 . ,  . O ) ,  ( 6 . 5 ,  .000014), ( I . ,  .000031) ,  ( 8 , ,  .00005/) ,  ( 9 . ,  . 0 0 0 0 4 / ) ,  
( 9 . 5 ,  .000015), ( I O ,  .00004), (10 .5 ,  .00012),  ( 1 1 . .  . 0 0 0 % 8 I ) ,  ( 1 2 . ,  
.000164), (12.5, .0005565), ( 1 3 . ,  - .002985) ,  ( 1 3 . 5 ,  .00919), (14 . ,  

( 7 % .  , .10855) 
.02495),  ( l 5 . ,  .Ob65),  ( l 6 . ,  . O I H l 9 ) ,  (18 . .  .08931),  (20 .0 ,  .09H:13), 

ltte followiricj  s t a t i c  d a t a  i s  f o r  a MIjLli  number 0.4.  

u d t d  C k / o . ,  0 .  ) ,  ( . 5 ,  .01,978), ( I . ,  . I I H S )  I ( 2 . 0 ,  .7:36$?), ( 4 . .  . 4 6 9 0 5 ) ,  
( 5 .  , . L ~ R W ) ,  ( b . ,  .69% I ) ,  ( e . ,  . H'J'19 I ) , ( 9 . .  . c l ( l ? 9 5 ) ,  ( I O .  , I .0 I 3  I ) ,  
( I  I . ,  I .  1 3 2 1 ) .  ( I  I . 5 ,  1 .  1 9 6 4 ) ,  ( I ? . ,  I .  l I 5 9 ) ,  ( 1 7 . 5 ,  1 . l 7 9 0 ) ,  ( 1 3 . ,  
I .  l o b ) ,  ( 13 .5 ,  I . 09 ) ,  ( 1 4 . ,  I . O H 6 5 ) ,  ( 1 4 . 5 ,  1 . O M ' j I ) ,  ( I S . ,  1 .OI . {b) ,  
( 1 5 . 5 ,  l . 0 4 3 3 ) ,  ( l b . ,  1 . 0 1 7 1 ) .  ( I / . ,  l.UIl2). ( 1 9 . ,  l . U l l 9 5 ) ,  ( ? I . ,  
1 .00 IH) ,  ( ? 5 . ,  I .0013) 

Od ld  c .,,, ( / 4 / 0 . ,  Q . ) ,  ( I . ,  .00017999) ,  ( 7 . 0 ,  .OU(1750HI), ( I . ,  . 0 0 0 4 / 5 3 I ) ,  
( 5 . ,  .O0O1)4I'l) , ( 6 . .  .00051 I 5  I ) ,  ( b .  5 ,  .0UO5O l :16),  ( I . ,  . (2( lO4223),  
( 8 .  , .000(3(3 I H )  , ( 9 .  , .000')1H9 I )  , ( 9 . 5 ,  . O O  I O ? )  , ( I O .  , . O O  I 5 h  !H) , ( I I). 5 ,  
. 0 0 % 0 6 9 3 ) ,  ( I I . , .OO;'77%1), ( I ? . ,  .UO?3,) ,  ( 17. 5 ,  .OIObIY) ,  ( 1 3 . ,  

.0%15SH),  ( 13.5, ,04069)  , ( 1 4 .  , .05433), ( 1 5 .  , . (1 I I 3 3 5 ) ,  ( 1 6 .  , 

.087U),  ( 1 8 . ,  . 090655) ,  (70 .0 ,  .0(39501), ( 7 % .  , . 10953) ,  (;." 'I. ,  . I 7 6 1  I )  
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FIGURE 1. - WIND TUNNEL MODEL OF AN ADVANCED TURBOPROP 
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FIGURE 3.  - DYNAMIC STALL EVENTS ON NACA 0012 AIRFOIL 
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FIGURE 5 .  - REPRESENTATION OF CLj ,  CLS, ACL, C R r  Cms'  AND ACR. 
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